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Thermodynamics of the one-dimensional half-filled-band Falicov-Kimball model
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In order to contribute to understand well the finite-temperature properties of the Falicov-Kimball model, we
study the temperature dependence of the specific heat, internal energy, entropy, and mean square fluctuation of
the difference between the ion and electron numbers, and of the correlation functions of the one-dimensional
half-filled-band Falicov-Kimball model. For this purpose we used the method of small-cluster exact-
diagonalization calculations with the application of the grand canonical ensemble and of extrapolation tech-
niques to the infinite chain. Our results show that the examined Falicov-Kimball model exhibits behavior of
alternate electron-ion short-range ordering at low temperature, and gradual metal-insulator transition at high
temperature, but, does not exhibit the crossing point of the specific heat curves, characteristic of the Hubbard
model.
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. INTRODUCTION fore forming a crystal. Freerickst al?’~2° and Brand and

Mielsctf studied the limit of large spatial dimensions.

The Falicov-Kimball model was, originally, created for a Farkasvsky® determined the ion-state occupation and the
semiconductor-metal transition based on the existence dpecific heat as functions of temperature and ion-level energy
both localized and itinerant interacting quasiparticle sthtes.(Ef) for the one-dimensional Falicov-Kimball model using
It was applied, in this context, to the study of many sub-small cluster exact-diagonalization calculations.
stances, including Sm@B Ti,O3, V,0;, VO, Fg0O,, and In this paper we study the thermodynamic properties of
VO,." The Falicov-Kimball model, presently, is the simplest the one-dimensional half-filled-band Falicov-Kimball model
model to study metal-insulator transitions in mixed valence,sing the method of small-cluster exact-diagonalization cal-
compounds of rare earth and transition metal oxides, ordefy|ations with the application of the grand canonical en-
ing in mixed valence systems, order-disorder transitions i, wnie and of extrapolation techniques to the infinite

binary alloys, itinerant magnetism, and crystallizattoft chain332 We perform an exhaustive study of the tempera-

Recently, it was also applied to study the possibility of elec- o :
. ' o tur nden fth ific heat, internal energy, entropy,
tronic ferroelectricity in mixed-valence compourfds?®and ¢ dependence of the specific heat, internal energy, entropy

also of the phase diagram of metal ammonia solutiris. mean square fluctuation of the difference between the ion

its most simplified version, namely, static model, it consists"’“_]d electron numbers, and of thg correlat|_0n functions for a
ide range of values of the relative magnitude of the Cou-

in assuming that in the system exist two species of spinles‘é’ ) X )
fermions: one of them possess infinite mass and hence dod¥Mbian repulsion to transfer integral(t). We take the

not move while the other one is free to move. This versionion-level energy as being nulE;=0), in the line of I__ielﬁ
in its one-dimensional form for a lattice ®f sites, can be and de Vries? thus assuming the so-called symmetrical case

written as which measures the energies of electrons and ions from of
the same origin. Dealing with the minimum number of pa-
N Fo et rameters { andU only) we can establish the thermodynamic
H= _tzi (didi+y+H.c)+ UEi didififi, (1) properties of the model without the extra effect of a different
“effective ” chemical potential for ions fes1=U/2+E;j)
wherediT(di) andf?(fi) are, respectively, the creatidanni-  and for electrons £ =U/2) and make possible a matching
hilation) operators for the itinerant and localized fermions atwith the known results of the simple Hubbard modfet®
sitei (hereafter, the former are called electrons and the latter \We compare our results with those available in the litera-
ions); U is the Coulombian repulsion that operates when theure, obtained with the same method used in our work, for
two fermions occupy the same site; ahds the electron the Hubbard model, thus illustrating the effect of the immo-
transfer integral connecting states localized on neareshility of ions. We find that the Falicov-Kimball model exhib-
neighbor sites. The number of electrofisns on sitei is  its characteristic behavior of alternate electron-ion short-
denoted a$1di=d;rdi (nfi:fini). range ordering at low-temperature, and gradual metal-
In despite of the existence of an impressive research adnasulator transition at high temperature. These properties are
tivity since its creation, the properties of the Falicov-Kimball similar to those of the Hubbard model, being that the alter-
model are far from being understoBtin particular, there nate electron-ion short-range ordering, that in the case of the
exist only a few exact results at finite temperatures of thiHubbard model corresponds to antiferromagnetic short-range
seemingly simple model. Kennedy and Litand Brand and  ordering, occurs at lower temperatures. Also, the Falicov-
Schmidf have proven that at low temperatures, in systemsimball model does not exhibit the crossing point of the
with bipartite lattices at the symmetry poigtalf-filled band specific heat curvé$ characteristic of Hubbard model, and
the ions tend to arrange themselves on one sublattice, therere identify similarities between the forms of the specific
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_ FIG. 1. Specific hea€/Nkg of chains with 7 to 9 atoms and |G, 2, Specific heaE/Nk; of the infinite chain vs. temperature
rings with 6 and 8 atoms vs temperature thit=4. The full line is o four typical values o/t (0, 0.5, 4, and 8). The insert shows
an extrapolation to the infinite chain. details of the specific heat curve foi/it=4 in low temperatures.

heat curves in low temperatures of the Falicov-Kimballcific heat and internal energy fat/t=0 obtained by direct
model and of the experimental data of samariumintegration using state density. As an example of the extrapo-
hexaborite®® lation technique employed, we show in Fig. 1 the case of the
This paper is organized as follows. In Sec. Il we describgemperature dependence of the specific heat With=4.
our method of computation. In Sec. Il the quantities that we
calculate are d_efln.ed, and the results are presented. We close Il. THERMODYNAMIC PROPERTIES
with a conclusion in Sec. IV.
In order to present some general features of the Falicov-
Il. NUMERICAL COMPUTATIONS Kimball model at finite temperatures we consider several
values ofU for all the studied thermodynamic properties. We
Our approach is to perform exact calculations of thermo-determine with considerable accuracy the temperature depen-
dynamic quantities in finite one-dimensional half-filled-banddence of the specific heat, internal energy, entropy, mean
systems described by the Hamiltonidn, with extrapolation  square fluctuation of the difference between the ion and elec-
to the infinite chain. In the diagonalization of the Hamil- tron numbers, and correlation functions of the infinite half-
tonian, two types of boundary conditions are imposedfilled-band chain.
chain—a system with free ends or ring—a system with cy-
clic boundary conditions. The total number of eigenvalues
we need is ¥. The size of the eigenvalue matrix to be di- B
agonalized can be reduced to a large extent by using the The temperature dependence of the specific heat of the
metry in rings with even number of sites and in chaifiy; U/t ForU/t=0 it has a peak akgT/t~0.63. ForU/t>0
the total number of each kind of fermion is conservéil)  the peak splits in two, which reflects a rearrangement of the
Actua”y we have calculated all eigenva|ues and eigen.arises due to |0W-|ying collective EXCitati(:JnS, Whlle the hlgh-
functions for chains with 2 to 10 atoms and rings with 6 andtémperature broad peak comes from single-particle excita-
8 atoms. Thermodynamic properties have been evaluated BiPns (or charge-transfer excitationsThis conclusion is sup-
employing statistical mechanics of the grand canonical enPorted by the behavior of the correlation functions. The
semble, considering that in the half-filled band with particle-Characteristic temperaturg_ (defined for 9°L ;/9T?/r__
hole symmetry the chemical potentigl is equal toU/2 =0, §>0) of the decrease of the correlation between the
independently of the temperattfte. differences of the number of ions to the number of electrons
The extrapolation procedure to the infinite chain is madeat different sites correspond approximately to the tempera-
from a careful analysis of each value of each thermodynamiture of low-temperature peak. While in the temperature of
guantity at each temperature for increasing valuds.@lso,  the high-temperature peak the correlation functiobs, (6
we tested the consistence of the calculations using the spe=0) are negligible, and the characteristic temperaflire

A. Specific heat
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FIG. 3. Internal energf/Nt of the infinite chain vs temperature

FIG. 5. Mean square fluctuation of the difference between the
for U/t=0, 4, and 8.

ion and electron numbep@t/N,ué of the infinite chain vs tempera-
ture forU/t=0, 0.5, 4, and 8.
(defined fora’Lo/dT?/x_7,=0) of the decrease of the cor-
relation between the differences of the number of ions to théJ/t=0 for the Falicov-Kimball model. This result expresses
number of electrons at each site correspond approximately f&€ importance of the ionic immobility in the case of the
the temperature of the high-temperature peak. The specificalicov-Kimball model, which makes easy the rearrange-
heat (C) of the chain is proportional ti&sT at very low ment of the fermionic structure in the system ldét in-
temperatures and the coefficient becomes large With creases. In the one-dimensional Hubbard model the width of
The picture presented is analogous to that of the oneband of both spins is t4 thus for U<4t it is possible to
dimensional half-filled-band Hubbard modglbut the crit-  happen double particle occupation in a site having the system
cal value of U/t that causes the splitting of the peaks is@ lower energy than the state in single occupation on the top
drastically different:U/t~4 for the Hubbard model and of the band. In the one-dimensional Falicov-Kimball model
the width of the band of electrons ig,4while the width of

1.5 the band of ions is null. Thus, for any value 0f>0, the
double occupation of fermions leads to an energy of the sys-
tem larger than that one that would occur in the case of
simple occupation in the maximum level of energy of a ion
because in the half-filled-band case, the maximum level of
energy is zero. Also, crossing points clearly do not occur in
the specific heat of the Falicov-Kimball model, differently
from what happens with the Hubbard mod&meaning that
the ionic immobility impedes the occurrence of the condition
dCloU=0 at some definite temperature.

The inset in Fig. 2 shows details of the specific heat curve
that we calculate fo/t=4 in low temperatures. It indicates
that there is a great similarity with the form of the specific
heat curve, i.e., a large broad maximum at low temperature,
of the samarium hexaborite (SmB6) determined by
Lawrenceet al,® and strengthens the evidences that the fer-
mionic dynamics represented by the Falicov-Kimball model

S/NK,

0.0 ,
0.0 05

FIG. 4. EntropyS/Nkg of the infinite chain vs temperature for

U/t=0, 4, and 8.
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express an important part of the thermodynamic properties of
mixed-valence materials.

B. Internal energy

Figure 3 shows the temperature dependence of the inter-
nal energy(E) for the infinite chain. The sharp increase of
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FIG. 6. Correlation functiong s of the infinite chain vs temperature fal/t=0, 4, and 8(a) L. (b) L. (c) L,. (d) Ls.

the internal energy fo/t>0, which starts fronkgT/t=0, infinite chain, the entropy increases linearly at low tempera-
is related to the low-temperature peak in the specific heature, and decreases with/t. For U/t>0 two stages of ex-
and it arises from electron-ion short-range ordering, whilecitations become distinct. The first stage up $6Nkg
the sharp increase which starts frégT/t=1, is related to  ~0.69 (In2) is connected to the low-lying collective excita-
the high-temperature peak, and arises from single-particlgons and the second one froNkg~0.69 to S/Nkg
excitations which form holes and double-occupied states.j 39 arises from charge transfer excitations, which create
(electron-ion. With the growth of U, the effects of electron- sjes and doubly occupied states. The growth of U provokes
ion short-range ordering and single-particle excitations are, onmonotonic behavior of the entropy, in direct coherence
intensified, generating an Increasing nonmonoton_lc bEhaV'%ith corresponding behavior of the internal energy and of the
of the energy, a phenomenon that is consistent with the relag ecific heat
tive rise of the peaks and the decrease of the valley betweerP '
the peaks of low and high temperature of the specific heat.

D. Mean square fluctuation of the difference between the ion

C. Entropy and electron numbers

Figure 4 shows the temperature dependence of the en- Denoting the difference between the ion and electron
tropy for the same values df/t as before. Clearly, in the numbers operator by
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equal to 3/4, while for a non-interacting fermion system we
o=2 (N—ng), (20 havel,=3/8. Therefore, the temperature dependenckqof
' gives information on the degree of localization of fermions.
we calculate the mean square fluctuation of the differenc&n the other hand. 5(T) (6+#0) is the correlation between
between the ion and electron numbers using the differences of the number of ions to the number of
electrons at different sites as a function of temperature.

5 The temperature dependencelqf, L,, L,, andL5 for

_ MB 5 5 3 some typical values ofJ/t is shown in Figs. @G)—6(d).
X_kB_T((‘T )=o), (3 From these figures we are able to draw the following
conclusions.

(i) As the temperature is increased, for U/t>0 gradu-
ally decreases at high temperature, i.e., electrons gradually
delocalize. Thus, we conclude that the high-temperature peak
é[] the specific heat is associated with the gradual localization

where the symbol ) denotes the average over the grand
canonical ensemble.
Our calculations fory are given in Fig. 5. The mean

square fluctuation of the difference between the ion and ele of electrons(or the gradual metal-insulator transition
tron numbers for the infinite chain diverges &0 for 9

U/t=0, because a divergence exists in the band of the sys- (i} The temperature dependence with negative sigis of

tem for the half-filled-band case. But, under the effect ofa.nd |}3 ar;d pos't.'tvil sign t?]f—z, for. U/ t>hO, almhree W!]t,.h ah i
fermionic correlation it becomes finite at=0 for U/t>0. significant magnitude in the region where the specific hea

Thus, the introduction of positive values 0ft changes dra- has the first peak, makes possible to construct a physical

. o . icture as follows: as the temperature goes down, each site is
matically the fermionic structure, expressing the effect of th ; ! ;
L i . ! . occupied by just one fermion, and at very low temperatures
ionic immobility. In this case the difference with the results

of the magnetic susceptibility for the infinite chain of the the alternate ion-electron short-range ordering becomes

Hubbard model is significarit. In the case of the Hubbard evident.

model the susceptibility always begins with a finite value at

T=0. IV. CONCLUSION
The peak ofy, and its nonmonotonic behavior with the

growth of U, in the case of the Falicov-Kimball model for

U/t>0, is consistent with the sharp increase of the internal’I

energy at Ipw_temperature, and is a consequence of the c xtrapolation to the infinite chain. The thermal properties of
lective excitations that lead to the disorganization Qf the alyq specific heat, internal energy, entropy, mean square fluc-
ternate electron-ion short-range order. The magnetic SUSCeQyaiinn of the difference between the ion and electron num-
tibility of mixed-valent SmB6 presents a broad maximum atye 5 anq correlation functions support a physical picture of a
low temperatur® that is qur.[e similar to the peak pr_esented system that exhibits characteristic behavior of alternate
for the curveU/t=4 of Fig. 5, and coherent with our gjeciron-jion short-range ordering at low temperature, and
previous comment for the case of the specific heat. gradual metal-isolator transition at high temperature. But, the

model does not exhibit the crossing point of the specific heat

E. Correlation functions curves, characteristic of the Hubbard model.

Considering that the operator for the difference between The results can be used to interpret much of the experi-
the ion and electron numbers in the site o;=n;—ng;, we ~ Mental data of compounds recently considered with the
define the correlation function Falicov-Kimball model. For example, the specific-heat curve
for samarium hexaborite (3Bg) presents a large broad
maximum at low temperature similar to the curve shown in
the inset of Fig. 2°

The thermodynamic properties of the one-dimensional
alf-filled-band Falicov-Kimball model has been studied us-
g small-cluster exact-diagonalization calculations and the

3
LoT)= 2y 2 (0i0i+0) (@)
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