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ALMIR SILVA SANTOS

AsstracrT. It has been showed by Byde [5] that it is possible to attach a Delaunay-
type end to a compact nondegenerate manifold of positive constant scalar cur-
vature, provided it is locally conformally flat in a neighborhood of the attaching
point. The resulting manifold is noncompact with the same constant scalar cur-
vature. The main goal of this paper is to generalize this result. We will construct
a one-parameter family of solutions to the positive singular Yamabe problem for
any compact non-degenerate manifold with Weyl tensor vanishing to sufficiently
high order at the singular point. If the dimension is at most 5, no condition on the
Weyl tensor is needed. We will use perturbation techniques and gluing methods.

1. INTRODUCTION

In 1960 Yamabe [43] claimed that every n—dimensional compact Riemannian
manifold M, n > 3, has a conformal metric of constant scalar curvature. Unfortu-
nately, in 1968, Trudinger discovered an error in the proof. In 1984 Schoen [37],
after the works of Yamabe [43], Trudinger [42] and Aubin [4], was able to complete
the proof of The Yamabe Problem:
Let (M", o) be an n—dimensional compact Riemannian manifold
(without boundary) of dimension n > 3. Find a metric conformal
to go with constant scalar curvature.

See [19] and [41] for excellent reviews of the problem.

It is then natural to ask whether every noncompact Riemannian manifold of
dimension n > 3 is conformally equivalent to a complete manifold with constant
scalar curvature. For noncompact manifolds with a simple structure at infinity,
this question may be studied by solving the so-called singular Yamabe problem:

Given (M, go) an n—dimensional compact Riemannian manifold
of dimension n > 3 and a nonempty closed set X in M, find a
complete metric ¢ on M\X conformal to gy with constant scalar
curvature.
In analytical terms, since we may write g = u
finding a positive function u satisfying

4/(1=2) ¢y, this problem is equivalent to

n-2 n-2 2
Agt = =Ryt + ———Ku#% =0 M\X
ST D I TS T R e

u(x) > oasx - X

(1.1)

where A, is the Laplace-Beltrami operator associated with the metric go, Ry, de-
notes the scalar curvature of the metric gy, and K is a constant. We remark that the
metric ¢ will be complete if u tends to infinity with a sufficiently fast rate.

Key words and phrases. singular Yamabe problem, constant scalar curvature, Weyl tensor, gluing

method.
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The singular Yamabe problem has been extensively studied in recent years,
and many existence results as well as obstructions to existence are known. This
problem was considered initially in the negative case by Loewner and Nirenberg
[22], when M is the sphere 5" with its standard metric. In the series of papers [1]-
[3] Aviles and McOwen have studied the case when M is arbitrary. For a solution
to exist on a general n—dimensional compact Riemannian manifold (M, go), the
size of X and the sign of Rg must be related to one another: it is known that if a
solution exists with Ry <0, then dim X > (n — 2)/2, while if a solution exists with
R¢ >0, then dim X < (n-2)/2 and in addition the first eigenvalue of the conformal
Laplacian of gy must be nonnegative. Here the dimension is to be interpreted as
Hausdorff dimension. Unfortunately, only partial converses to these statements
are known. For example, Aviles and McOwen [2] proved that when X is a closed
smooth submanifold of dimension k, a solution for (1.1) exists with R, < 0 if and
only if k > (n —2)/2. We direct the reader to the papers [1]-[3], [11], [12], [22],
[27]-129], [32]-[34], [36], [39], [40] and the references contained therein.

In the constant negative scalar curvature case, it is possible to use the maximum
principle, and solutions are constructed using barriers regardless of the dimension
of X. See [1]-[3], [11], [12] for more details.

Much is known about the constant positive scalar curvature case. When M is
the round sphere $" and X is a single point, by a result of Caffarelli, Gidas, Spruck
[9], it is known that there is no solution of (1.1). See [32] for a different proof. In
the case where M is the sphere with its standard metric, in 1988, R. Schoen [39]
constructed solutions with R, > 0 on the complement of certain sets of Hausdorff
dimension less than (1 — 2)/2. In particular, he produced solutions to (1.1) when X
is a finite set of points of at least two elements. Using a different method, later in
1999, Mazzeo and Pacard proved the following existence result:

Theorem 1.1 (Mazzeo-Pacard, [29]). Suppose that X = X" U X" is a disjoint union of
submanifolds in $", where X’ = {p1,...,pk} is a collection of points, and X" = UL X;
where dim X; = k;. Suppose further that 0 < k; < (n —2)/2 for each j, and either k = 0 or
k > 2. Then there exists a complete metric g on $"\X conformal to the standard metric on
5", which has constant positive scalar curvature n(n — 1).

Also, it is known that if X is a finite set of at least two elements, and M = §", the
moduli space of solutions has dimension equal to the cardinality of X (see [32]).

The first result for arbitrary compact Riemannian manifolds in the positive case
appeared in 1996. Mazzeo and Pacard [27] established the following result:

Theorem 1.2 (Mazzeo—Pacard, [27]). Let (M, o) be any n—dimensional compact Rie-
mannian manifold with constant nonnegative scalar curvature. Let X C M be any finite
disjoint union of smooth submanifolds X; of dimensions k; with 0 < k; < (n —2)/2. Then
there is an infinite dimensional family of complete metrics on M\X conformal to go with
constant positive scalar curvature.

Their method does not apply to the case in which X contains isolated points. If
X = {p}, an existence result was obtained by Byde in 2003 under an extra assump-
tion. It can be stated as follows:

Theorem 1.3 (A. Byde, [5]). Let (M, go) be any n—dimensional compact Riemannian
manifold of constant scalar curvature n(n — 1), nondegenerate about 1, and let p € M be
a point in a neighborhood of which g is conformally flat. There is a constant g9 > 0 and
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a one-parameter family of complete metrics g on M\{p} defined for ¢ € (0, o), conformal
to go, with constant scalar curvature n(n — 1). Moreover, g. — go uniformly on compact
sets in M\{p}as ¢ — 0.

See [5], [26], [29], [32] and [34] for more details about the positive singular
Yamabe problem.

This work is concerned with the positive singular Yamabe problem in the case
X is a single point (or when X is finite, more generally). Our main result is the
construction of solutions to the singular Yamabe problem under a condition on
the Weyl tensor. If the dimension is at most 5, no condition on the Weyl tensor
is needed, as we will see below. We will use the gluing method, similar to that
employed by Byde [5], Jleli [13], Jleli and Pacard [14], Kaabachi and Pacard [15],
Kapouleas [16], Mazzeo and Pacard [28],[29], Mazzeo, Pacard and Pollack [30],
[31], and other authors. Our result generalizes the result of Byde, Theorem 1.3,
and it reads as follows:

Main Theorem: Let (M", go) be an n—dimensional compact Riemannian manifold of
scalar curvature n(n — 1), nondegenerate about 1, and let p € M with VgOWgO p)=0

fork =0,..., [”2;6], where W, is the Weyl tensor of the metric go. Then, there exist
a constant &g > 0 and a one-parameter family of complete metrics g. on M\{p} defined
for € € (0, ep), conformal to go, with scalar curvature n(n — 1). Moreover, each g, is
asymptotically Delaunay and g, — go uniformly on compact sets in M\{p} as ¢ — 0.

For the gluing procedure to work, there are two restrictions on the data (M, go, X):
non-degeneracy and the Weyl vanishing condition. The non-degeneracy is defined
as follows (see [5], [17] and [33]):

Definition 1.4. A metric g is nondegenerate at u € C>*(M) if the operator Lg :
C%“(M) — CV%(M) is surjective for some a € (0, 1), where

Wy n—2 n(n +2)
Lg(v) = A0 - T 1)Rgv + 1
A4 is the Laplace operator of the metric ¢ and R, is the scalar curvature of g. Here
Che(M) are the standard Holder spaces on M, and the D subscript indicates the
restriction to functions vanishing on the boundary of M (if there is one).

4
Uun-2 "(],

Although it is the surjectivity that is used in the nonlinear analysis, it is usually
easier to check injectivity. This is a corollary of the non-degeneracy condition on M
in conjunction with self-adjointness. For example, it is clear that the round sphere
§" is degenerate because Ly, = Ag, +1 annihilates the restrictions of linear functions

on R"1 to §".

As it was already expected by Chrusciel and Pollack [10], when 3 < n < 5 we
do not need any hypothesis about the Weyl tensor, that is, in this case, (1.1) has
a solution for any nondegenerate compact manifold M and X = {p} withp € M
arbitrary. We will show in Section 5 that the product manifolds $%(k) X $%(k2) and
$%(ks) x $%(ks) are nondegenerate except for countably many values of k;/k, and
ks /ks. Therefore our Main Theorem applies to these manifolds. We notice that they
are not locally conformally flat.

Byde proved his theorem assuming that M is conformally flat in a neighborhood
of p. With this assumption, the problem gets simplified since in the neighborhood
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of p the metric is conformal to the standard metric of R", and in this case it is
possible to transfer the metric on M\({p} to cylindrical coordinates, where there is
a family of well-known Delaunay-type solutions. In our case we only have that
the Weyl tensor vanishes to sufficiently high order at p. Since the singular Yamabe
problem is conformally invariant, we can work in conformal normal coordinates.
In such coordinates it is more convenient to work with the Taylor expansion of the
metric, instead of dealing with derivatives of the Weyl tensor. As indicated in [17],
we get some simplifications. In fact, this assumption will be fundamental to solve
the problem locally in Section 3. We will exploit the fact that the first term in the
expansion of the scalar curvature, in conformal normal coordinate, is orthogonal
to the low eigenmodes. Pollack [36] has indicated that it would be possible to find
solutions with one singular point with some Weyl vanishing condition, as opposed
to the case of the round metric on §".

The motivation for ["2;6] in the Main Theorem comes from the Wey! Vanishing
Conjecture (see [38]). It states that if a sequence v; of solutions to the equation

n-—2 n2
AgUZ‘ - ng’Uz‘ + 'U;HZ =0
in a compact Riemannian manifold ()], g), blows-up at p € M, then one should
have
VEW (p) =0 forevery 0<k< n_—6]
g'vg y vsEsiT |

Here W, denotes the Weyl tensor of the metric g. This conjecture has been proved
by Marques forn < 7in[23], Liand Zhang forn < 9in[20] and forn < 11in[21],and
by Khuri, Marques and Schoen for n < 24 in [17]. The Weyl Vanishing Conjecture
was in fact one of the essential pieces of the program proposed by Schoen in [38]
to establish compactness in high dimensions (see [17]). In [24], based on the works
of Brendle [6] and Brendle and Marques [8], Marques constructs counterexamples
for any n > 25.

The order [”—56] comes up naturally in our method, but we do not know if it is
the optimal one (see Remark 3.5.)

The Delaunay metrics form the local asymptotic models for isolated singularities
of locally conformally flat constant positive scalar curvature metrics, see [9] and
[18]. In dimensions 3 < n < 5 this also holds in the non-conformally flat setting.
In [25], Marques proved that if 3 < n < 5 then every solution of the equation
(1.1) with a nonremovable isolated singularity is asymptotic to a Delaunay-type
solutions. This motivates us to seek solutions that are asymptotic to Delaunay. We
use a perturbation argument together with the fixed point method to find solutions
close to a Delaunay-type solution in a small ball centered at p with radius . We
also construct solutions in the complement of this ball. After that, we show that
for small enough 7 the two metrics can be made to have exactly matching Cauchy
data. Therefore (via elliptic regularity theory) they match up to all orders. See [14]
for an application of the method.

We will indicate in the end of this paper how to handle the case of more than
one point. We prove:

Theorem 1.5. Let (M", go) be an n—dimensional compact Riemannian manifold of scalar
curvature n(n — 1), nondegenerate about 1. Let {p1,...,pi} a set of points in M with

V;OWgo(pi) =0forj= 0,...,[”7’6] and i = 1,...,k, where Wy, is the Weyl tensor of
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the metric go. There exists a complete metric § on M\{p1, ..., px} conformal to gy, with
constant scalar curvature n(n — 1), obtained by attaching Delaunay-type ends to the points

pPi,-- -, Pk

The organization of this paper is as follows.

In Section 2 we record some notation that will be used throughout the paper.
We review some results concerning the Delaunay-type solutions, as well as the
function spaces on which the linearized operator will be defined. We will recall
some results about the Poisson operator for the Laplace operator A defined in
B,(0)\{0} ¢ R" and in R"\B,(0). Finally, we will review some results concerning
conformal normal coordinates and scalar curvature in these coordinates.

In Section 3, with the assumption on the Weyl tensor and using a fixed point
argument we construct a family of constant scalar curvature metrics in a small ball
centered at p € M, which depends on n + 2 parameters with prescribed Dirichlet
data. Moreover, each element of this family is asymptotically Delaunay.

In Section 4, we use the non-degeneracy of the metric g to find a right inverse
for the operator L;,O in a suitable function space. After that, we use a fixed point
argument to construct a family of constant scalar curvature metrics in the comple-
ment of a small ball centered at p € M, which also depends on # + 2 parameters
with prescribed Dirichlet data. Each element of this family is a perturbation of the
metric go.

In Section 5, we put the results obtained in previous sections together to find a
solution for the positive singular Yamabe problem with only one singular point.
Using a fixed point argument, we examine suitable choices of the parameter sets
on each piece so that the Cauchy data can be made to match up to be C! at the
boundary of the ball. The ellipticity of the constant scalar curvature equation then
immediately implies that the glued solutions are smooth.

Finally, in Section 6, we briefly explain the changes that need to be made in
order to deal with more than one singular point.

Acknowledgements. The content of this paper is in the author’s doctoral thesis at
IMPA. The author is specially grateful to his advisor Prof. Fernando C. Marques for
numerous mathematical conversations and constant encouragement. The author
was partially supported by CNPq-Brazil.

2. PRELIMINARIES

In this section we record some notation and results that will be used frequently,
throughout the rest of the work and sometimes without comment.

2.1. Notation. Let us denote by 0  ¢;(0), for j € IN, the eigenfunction of the
Laplace operator on §"! with corresponding eigenvalue A;. That is,

Asn—lej + /\je]- =0.

These eigenfunctions are restrictions to $""! ¢ R" of homogeneous harmonic
polynomials in R". We further assume that these eigenvalues are counted with
multiplicity, namely Ag =0, Ay =+ =A; =n—1, A;41 =2n,...and A; < Ay,
and that the eigenfunctions has L2—norm equal to 1. The i—th eigenvalue counted
without multiplicity is i(i + n — 2).
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It will be necessary to divide the function space defined on $"7!, the sphere with
radius r > 0, into high and low eigenmode components.
If the eigenfunction decomposition of the function ¢ € L%($!7!) is given by

00

$(r0) = ) ¢j(r)e;(0) where i(r) = fs o)

=0

then we define the projection 7t;” onto the high eigenmode by the formula

m(@)(r0) = Y | ¢;(res(6).

j=n+1

The low eigenmode on $/'~! is spanned by the constant functions and the restrictions
to 8771 of linear functions on R”. We always will use the variable 6 for points in
"1 and use the expression a - 0 to denote the dot-product of a vector a € R"” with
0 considered as a unit vector in R".

We will use the symbols ¢, C, with or without subscript, to denote various
positive constants.

2.2. Constant scalar curvature equation. It is well known that if the metric g has
scalar curvature R, and the metric g = 4 (n-2) go has scalar curvature Rg, then u
satisfies the equation

n-—2 n—2 n+2

R u + Rgun2 =
M-t g o e =0

2.1) Agott =

see [19] and [41].

In this work we seek solutions to the singular Yamabe problem (1.1) when
(M", go) is an n—dimensional compact nondegenerate Riemannian, manifold with
constant scalar curvature n(n — 1), X is a single point {p}, by using a method
employed by [5], [13], [14], [28]-[31], [34] and others. Thus, we need to find a
solution u for the equation (2.1) with Ry constant, requiring that u tends to infinity
on approach to p.

We introduce the quasi-linear mapping Hy,

n(n—2)

Iulﬁu
4 7

n—2

Rou +
4n-1) ¢
and seek functions u that are close to a function ug, so that Hg(uo +u) = 0, ug+u > 0
and (u + ug)(x) — +oo as x — p. This is done by considering the linearization of H,
about u,

(2.2) Hg(u) = Aqu —

9 nn+2)
(2.3) L (u) = EHg(uO + tu) L =Lou+ T 2u,
where
n-2
-Egu = Agu - ngu

is the Conformal Laplacian. The operator £, obeys the following relation concern-
ing conformal changes of the metric

_ni2
.52,4/(;172)81/[ =70 n2 Lg(vu).
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The method of finding solutions to (1.1) used in this work is to linearize about
a function 1y, not necessarily a solution. Expanding Hg about ug gives

Hg(uo + 1) = Hg(uo) + L (u) + Q" (u),
where the non-linear remainder term Q" (u) is independent of the metric, and

given by
1 4
(2.4) me:”M+D%f0%+mﬁ—wﬁyt
0

4

It is important to emphasize here that in this work (M", go) always will be a
compact Riemannian manifold of dimension n > 3 with constant scalar curvature
n(n — 1) and nondegenerate about the constant function 1. This implies that (2.2)
is equal to

-2 -2
Hg(u) = Agu — n(n4 )u + n(n4 )Iulﬁu
and the operator Ly : C>*(M) — C**(M) given by
(2.5) L;O (v) = Agu +no,

is surjective for some a € (0, 1), see Definition 1.4.

2.3. Delaunay-type solutions. In Section 3 we will construct a family of singular
solutions to the Yamabe Problem in the punctured ball of radius r centered at
p, B(p)\fp} € M, conformal to the metric go, with prescribed high eigenmode
boundary data at dB,(p). It is natural to require that the solution is asymptotic to
a Delaunay-type solution, called by some authors Fowler solutions. We recall some
well known facts about the Delaunay-type solutions that will be used extensively
in the rest of the work. See [29] and [32] for facts not proved here.

Ifg = uidis a complete metric in R"\{0} with constant scalar curvature Ry =
n(n — 1) conformal to the Euclidean standard metric 6 on R”, then u(x) — co when
x — 0 and u is a solution of the equation

nmn—2) w
—u

(2.6) Hs(u) = Au + =0

inIR"\{0}. Itis well known that u is rotationally invariant (see [9], Theorem 8.1), and
thus the equation it satisfies may be reduced to an ordinary differential equation.

Therefore, if we define o(f) := ¢’2"'u(e™'0) = |x|"2 u(x), where t = —log|x| and
0= ﬁ, then we get that
—2)? —2) e
(2.7) v’ - (n ) ) v+ n(n4 )vﬁ =0.

Because of their similarity with the CMC surfaces of revolution discovered by
Delaunay a solution of this ODE is called Delaunay-type solution.
Setting w := v’ this equation is transformed into a first order Hamiltonian system

= 4 0 4 Un-2

whose Hamiltonian energy, given by

2 (n;2)2v2+(n—42)

o= w
w/ (n_2)2 _1’1(1’1—2) 2y

2n

2
(2'8) H(v, w) =w Uz,
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is constant along solutions of (2.7). We summarize the basic properties of this
solutions in the next proposition (see Proposition 1 in [29]).

Proposition 2.1. For any Hy € (—((n — 2)/n)""?(n — 2)/2,0), there exists a unique
bounded solution of (2.7) satisfying H(v,v") = Hy, v’(0) = 0 and v"’(0) > 0. This solution
is periodic, and for all t € R we have v(t) € (0,1). This solution can be indexed by the
parameter ¢ = v(0) € (0,((n — 2)/n)"=2/%), which is the smaller of the two values v
assumes when v'(0) = 0. When Hy = —((n —2)/n)"/?(n — 2)/2, there is a unique bounded
solution of (2.7), given by o(t) = ((n — 2)/n)"=2/4. Finally, if v is a solution with Hy = 0
then either v(t) = (cosh(t — t0))@™™/2 for some to € R or v(t) = 0.

We will write the solution of (2.7) given by Proposition 2.1 as v,, where v.(0) =
minov, = ¢ € (0, ((n — 2)/n)"~?/*) and the corresponding solution of (2.6) as u.(x) =
|x|@=20, (- log |x]).

Although we do not know them explicitly, the next proposition gives sufficient
information about their behavior as ¢ tends to zero for our purposes.

Proposition 2.2. Forany ¢ € (0, ((n —2)/n)"=2/*) and any x € R"\{0} with |x| < 1, the
Delaunay-type solution u.(x) satisfies the estimates

< Cng% x|,

() = 5 (1+ )

n-2
x10,11 (x) + el < cpen x|

and
n—2)?
% < cne%lxl’”,

P97 (x) — [

elx

for some positive constant c,, that depends only on n.

Proof. See [29]. O

As indicate by Mazzeo-Pacard [29], there are some important variations of these
solutions, leading to a (211+2)—dimensional family of Delaunay-type solutions. For
our purpose, itis enough to consider the family of solutions where only translations
along Delaunay axis and of the “point at infinity” are allowed. Therefore, we will
work with the following family of solutions of (2.6)

(2.9) e R a(X) = |x — alx? T v.(~2 log x| + log [x — alx| + log R).

See [29] for details.

In Section 3 we will find solutions to the singular Yamabe problem in the punc-
tured ball B,(p)\{p} only with prescribed high eigenmode Dirichlet data, so we
need other parameters to control the low eigenmode. The parameters a € R" and
R € R* in (2.9) will allow us to have control over the low eigenmode. The first
corollary is a direct consequence of (2.9) and it will control the space spanned by
the coordinates functions, and the second one follows from Proposition 2.2 and it
will control the space spanned by the constant functions in the sphere.

Notation: We write f = O’(Kr¥) to mean f = O(Kr*) and Vf = O(Kr*1), for K > 0
constant. O” is defined similarly.
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Corollary 2.1. There exists a constant ro € (0, 1), such that for any x and a in R" with
x| <1, lallx| < ro, R € RY, and ¢ € (0, ((n — 2)/n)"=2/%) the solution u. g, satisfies the
estimates

(2.10) UeRa(X) =t r(X) + (1 — 2)ue r(xX) + |X|0pute g (X)) - X + O"(Ialzlxl%)

and
QA1) wega(x) = e r(x) + (1 — 2)te v (X) + |X]Oy1te g (X))a - x + O (JaPeR*Z [x]?)
if R < |x].

Proof. Using the Taylor’s expansion we obtain that

x

—alx|
|x|

Ve (— log |x| + log + logR) = v.(—log|x| + log R)
- vl(-loglx| + log R)a - x + v.(— log |x| + log R)O” (|a|*|x|?)

+ 0/(—log|x| + 1og R + t4x)O” (|al*|x|?)

for some t,, € Rwith 0 < |t < )log ||§—| — alx|||, since

x

|x|

for |al|x| < 79 and some ry € (0,1). Observe thatt,, — 0 as |a||x| — 0.
Now, by the equation (2.7) and the fact that

(7’1 - 2)2 5 n+2
4

=—a-x+O"(jaPx]?).

log —alx|

H(UE/ v;) =

where H is defined in (2.8), it follows that |[v]| < ¢, v,, [v)| < ¢,v,, for some constant
¢, that depends only on 7.

Since —log |x| + log R < 0 if R < |x|, and v, (f) < ee"T !, for all t € R (see [29]), we
obtain that

0.(—log [x| +log R) < eRZ|x|'T
and
ve(—log x| + log R + t,x) < ceR7" |x|%,

for some constant ¢ > 0 that does not depend on x, ¢, R and a.

Therefore, from (2.9), 0 < v.(t) < 1 and

) _ n _ _
- alxPZ = %% + a-xlx T + 0" (laPlx )

for |a||x| < ro and some r; € (0,1), we deduce the result. |
Corollary 2.2. For any ¢ € (0,((n — 2)/n)"=2/%) and any x in R" with |x| < 1, the
function u, g := U, g satisfies the estimates

n+2  n+2

u&R(x) = %(Rz?n + R%lxlz—n) + O”(RTSE|JC|_”),

2—-n

nt2 42

eR'T [P + O'(RE e x| ™)

|x]0s1e R (xX) =

and

n+2  nt2

eR'T X" + O(R'T e |x|™).

(n-2)
2

P07 ue g (x) =

2-n

Proof. Use Proposition 2.2 and the fact that 1, g(x) = R 1, (R x). O
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2.4. Function spaces. Now, we will define some function spaces that we will use
in this work. The first one is the weighted Holder spaces in the punctured ball.
They are the most convenient spaces to define the linearized operator. The second
one appears so naturally in our results that it is more helpful to put its definition
here. Finally, the third one is the weighted Holder spaces in which the exterior
analysis will be carried out. These are essentially the same weighted spaces as in
[13], [14] and [29].

Definition 2.1. Foreachk € IN,7 > 0,0 < a < 1and o € (0,7/2),letu € CK(B,(0)\{0}),
set

k k k
o Vou(x) = Vu
llttll 010200 = sUp E o IViu@)| |+ d***  sup V) — Vuly) - )
ilelo.201 | 40 Wivlelo2s] XYl

Then, for any i € R, the space CZ“(B,(O)\{O}) is the collection of functions u that
are locally in C**(B,(0)\{0}) and for which the norm

leell ), = sup o Hllullk,a) 10,201
0<o<?

is finite.

The one result about these that we shall use frequently, and without comment,
is that to check if a function u is an element of some Cz”", say, it is sufficient to check
that [u(x)| < Clx|* and [Vu(x)| < Clx|*~!. In particular, the function |x|* is in Cﬁ’“ for
any k, a, or p.

Note that Ci* € Cy if u > 6 and k > I, and |[ullays < Clltllc,a), for all u € C°.

Definition 2.2. For eachk € N,0 < a < 1and r > 0. Let ¢ € C(S!), set

lPllk, ), 2= Np(r)llcta(sr1)-

Then, the space Ct¢($!1) is the collection of functions ¢ € C*(S!~!) for which the
norm ||||xq),r is finite.

The next lemma show a relation between the norm of Definition 2.1 and 2.2. To
prove it use the decomposition of the function spaces in the sphere.

Lemma 2.3. Let a € (0,1) and r > 0 be constants. Then, there exists a constant ¢ > 0
that does not depend on r, such that

(2.12) I (u)ll@ayr < K
and
(2.13) llrd, 70! (ur)ll,0,r < K,

for all function u : {x € R";r/2 < |x| < r} — R satisfying lullo,u), /21 < K, for some
constant K > 0. Here, u, is the restriction of u to the sphere of radius r, "' c R".

Remark 2.4. We often will write 7/ (C**(8/1)) and n”(C];[“(Br(O)\{O})) for
(¢ € CH8 ) (@) = @)

and
fu € C*(BAO)\0)); 7/ (u(s-))(0) = u(s6), ¥s € (0,7) and YO € §!7},

respectively.
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Next, consider (M, g) an n—dimensional compact Riemannian manifold and
W : B,,(0) = M some coordinate system on M centered at some point p € M, where
B;,(0) ¢ R" is the ball of radius r1 > 0.

For 0 <r <s < r define

M, .= M\W(B,(0)) and Q,¢:=W(A,s),

where A, := {x e R";r < [x| < 5.

Definition 2.5. Forallk € N, a € (0,1) and v € IR, the space Cﬁ'“(M\{p}) is the space
of functions v € C;‘of (M\{p}) for which the following norm is finite

”v”C’fx"(M\{p}) = ”v“C*‘r“(erl) +1lvo \y“(k,a),v,r]/
2
where the norm || - [,a),,, is the one defined in Definition 2.1.

For all 0 < r < s < r1, we can also define the spaces C};,’“(Qr,s) and C};[“(Mr) to
be the space of restriction of elements of C’;,'“(M\{p}) to M, and Q,, respectively.
These spaces is endowed with the following norm

Ifllciea,,y = sup o™Fllf © Wliga o201

r<o<3
and

”hucﬁrﬂ(Mr) = ”h”C"r‘Y(M%rl) + ”h”dﬁa(grny

2.5. The linearized operator. Let us fix one of the solutions of (2.6), ur, given by
(2.9). Hence, u, r, satisfies Hs(1s r s) = 0. The linearization of Hs at u, r , is defined

by

+2
nn+2)

(2.14) Lera(v) := Ly (0) = Ao+ == —uig,

o,

where L is given by (2.3).

In[29], Mazzeo and Pacard studied the operator L, r := L r o defined in weighted
Holder spaces. They showed that there exists a suitable right inverse with two im-
portant features, the corresponding right inverse has norm bounded independently
of ¢ and R when the weight is chosen carefully, and the weight can be improved
if the right inverse is defined in the high eigenmode. These properties will be
fundamental in Section 3. To summarize, they establish the following result.

Proposition 2.3 (Mazzeo-Pacard, [29]). Let R € R*, @ € (0,1) and u € (1,2). Then
there exists ey > 0 such that, for all € € (0, €], there is an operator

Ger = Crty(BiO)\{0}) — CR(B1(0)\{0})

with the norm bounded independently of € and R, such that for f € Cﬁ'fz(Bl(O)\{O}), the
function w := G, r(f) solves the equation

(2.15) { ﬁi’IZZUhn—l) =0 on 8%?1(0) ’

Moreover, if f € n”(CE’fz(Bl(O)\{O})), then w € T("(Cf;“(Bl(O)\{O})) and we may take
u € (-n,2).
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Proof. The statement in [29] is that for each fixed R the norm of G, is independent
of ¢, but this bound might depend on R. In [5], Byde observed that the norm of
G r also does not depend on R. O

We will work in B,(0)\{0} with 0 < r < 1, then it is convenient to study the
operator L, r in function spaces defined in B,(0)\{0}.
Let f € Cg"fz(Bl(O)\{O}) and w € Ci’a(B1(O)\{O}) be solution of (2.15). Considering
g(x) = r2f(r'x) and w,(x) = w(r'x) we get that (2.15) is equivalent to
Ler(wy) =g in  B,(0)\{0}
) (Wilg-1) =0 on  9B,(0) )
Furthermore, since Viw,(x) = r"IViw(r~'x) and Vig(x) = r27/Vif(r 'x), we get
”wr”(Z,a),y,r < C”g”(O,a),p—Z,r/
where ¢ > 0 is a constant that does not depend on ¢, r and R. Thus, we obtain the

following corollary.

Corollary 2.3. Let p € (1,2), a € (0,1), eg > 0 given by Proposition 2.3. Then for all
e €(0,e0), ReR* and 0 < r < 1 there is an operator

Gers : C(BH(O\{O)) = Cr*(B,(0)\{0)

with norm bounded independently of €, R and r, such that for each f € CZ’fz(Br(O)\{O}),
the function w := G r(f) solves the equation
Ler(w) = f in B,(0)\{0}
T(;,/(w|Sry1—l) =0 on &Br(O) ’
Moreover, if f € n”(CZ’i’z(Br(O)\{O})), then w € n”(Ci’“(B,(O)\{O})) and we may take
U e (-n,2).
In fact, we will work with the solution u, r ., and so, we need to find an inverse

to L r o with norm bounded independently of ¢, R, a2 and r. But this is the content
of the next corollary, whose proof is a perturbation argument.

Corollary 2.4. Let p € (1,2), a € (0,1), eg > 0 given by Proposition 2.3. Then for all
e€(0,&), ReR",aeR"and 0 < r <1 with |alr < ry for some ry € (0,1), there is an
operator

Geaa : C(BAO\(0) — CE(B(0)\{OD),
with norm bounded independently of , R, v and a, such that for each f € CZ’fz(Br(O)\{O}),
the function w := G g ra(f) solves the equation

{ Lega(w) = f  in B/(0)\{0}
) (wlg1) =0 on  dB,(0)

Proof. We will use a perturbation argument. Thus,

nn+2)( 4 4
(LE,R,H - LS,R)U = 4 (ue’-ljlg,a - u::lé ) v
implies
i i
I(Le,Ra = LeR)Ol0a)l0201 < €l = ul E 00020110l 0,0,00201,

where ¢ > 0 does not depend on ¢, R, 2 and r.
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Note that

ﬁ — alx|| + log R) = z)g%z (—loglx| + log R)

vg’% (— log |x| + log

4 log|ﬁ—ulxl‘ 6n
+ f (vg?*z v;) (—log|x| + log R + t)dt.
n—-2Jo

Therefore, from (2.9) and the expansion |x — a|x[>| = [x|72 + O(jal|x| ), we get

e 4 4)x| 2 logl e o,
”:ﬁ,a(x) = u;/—ﬁ (x) + — j(; (vg"z vg) (—log x| + log R + t)dt

+O(allxLyor? (— log x| + log +log R).

x
— —alx]
Y

From the proof of Corollary 2.1 we know that |v}| < c,v.. Hence,

4 4 ) Oallxh) .
|ug/‘1§/a(x) —ulp ) < cnlx|™ f vs? (= log |x| + log R + t)dt + O(lallx|™),
0

since log [|x|™! — alx|| = O(alx]) and 0 < ¢ < v, < 1. Thus

4 4
(2.16) U776 = uZE (] < eolallxl™,

where the constant ¢ > 0 does not depend on ¢, R and a.
The estimate for the full Holder norm is similar.

Hence
4

4
2 ) 1
2, —ul 2

&,R,a

©O,a),[0.20] < Clalo™
and then
I(Le,Ra = Le RVl 000,12 < claltlvll @

where ¢ > 0 is a constant that does not depend on ¢, R, a and r.

Therefore, L.z, has a bounded right inverse for small enough |a|r and this
inverse has norm bounded independently of ¢, R, a and r. In fact, if we choose 7y
so that 7y < %K‘l, where the constant K > 0 satisfies ||G¢r,|| < K for all € € (0, €),
ReR*"and r € (0,1), then

”LE,R,LZ o Gs,R,r - I” < ||LS,R,11 - LS,R””GS,R,Tl

< -
2
This implies that L, r , © Gz » has a bounded right inverse given by

(Lega© Ger)™ = Y (1= Lera© Gery),
i=0

1

and it has norm bounded independently of ¢, R, a and 7, in fact less than 1.
Therefore we define a right inverse of L. g 4as Ge g 10 := Gerr0(Le,aGery) ™l O

2.6. Poisson operator associated to the Laplacian A.
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2.6.1. Laplacian A in B,(0)\{0} € R". Since n;’(Ge,R,,,a(f)IS.;q) = 0 on dB,(0), we need
to find some way to prescribe the high eigenmode boundary data at dB,(0). This is
done using the Poisson operator associated to the Laplacian A.

Proposition 2.4. Given o € (0, 1), there is a bounded operator
P12 1 (CPS" ) — 17 (C3*(B1(0)\{0))),

so that

{A(P1(¢))=0 in Bi(0)
T PONls) = ¢ on IBi(0)

Proof. See Proposition 2.21in [5], Proposition 11.25in [13] and Lemma 6.2in [35]. O
For u <2and 0 < r <1 we can define an analogous operator,

Py 1) (CHH(SI) — ) (Co(B(0)\{0})

as
(2.17) Pr(@r)(x) = Pr(P)( ),
where ¢(0) := ¢.(r0). By Proposition 2.4 we deduce that
{ A(Pr(qu)) =0 in Br(O)\{O}
o (Pr(Plg1) = ¢, on IB,(0)
and
(2.18) PPl eayur < CrHlPrllm,r

where the constant C > 0 does not depend on r and the norm ||, ||2,4) is defined
in Definition 2.2.

2.6.2. Laplacian A in R"\B,(0). For the same reason as before we will need a Poisson
operator associated to the Laplacian A defined in IR"\B,(0).

Proposition 2.5. Assume that ¢ € C**($"~1) and let Q1(¢) be the only solution of

Av=0 in TR"\B1(0)
v=¢p on dB1(0)

which tends to 0 at co. Then
||Q1((P)”C%’_“n(]R”\Bl(O)) < C”(P”(Z,a),l/
if ¢ is L>—orthogonal to the constant function.

Proof. See Lemma 13.25 in [13]. O

Here the space Cﬁ’o‘(lR"\B,(O)) is the collection of functions u that are locally in
Cke(R™\B,(0)) and for which the norm

”u”Ck[ﬂ(]Rn \B,(0)) =sup G_H”u”(k,zx),[a,Zd]
H azr

is finite.
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Remark 2.6. In this case, it is very useful to know an explicit expression for @,
since it has a component in the space spanned by the coordinate functions and this

[

will be important to control this space in Section 5. Hence, if we write ¢ = Z @i,
i=2
with ¢ belonging to the eigenspace associated to the eigenvalue i(i + n — 2), then

[o0]

Qp)E) = ) kP,

i=1
Now, define
(2.19) Q(@)(x) = Qu(p)(r '),
where ¢,(x) := ¢(r'x). From Proposition 2.5, we deduce that

AQ:(p:)=0 in R"\B,(0)
Q(pr) =@, on JBL(0)

and
(2.20) 1Q(@)ll 2 g, o < Cr" .o

where C > 0 is a constant that does not depend on r.

2.7. Conformal normal coordinates. Since our problem is conformally invariant,
in Section 3 we will work in conformal normal coordinates. In this section we
introduce some notation and an asymptotic expansion for the scalar curvature in
conformal normal coordinates, which will be essential in the interior analysis of
Section 3.

Theorem 2.7 (Lee-Parker, [19]). Let M" be an n—dimensional Riemannian manifold
and P € M. For each N > 2 there is a conformal metric g on M such that

detgij =1+ O(rN),

where r = |x| in g—normal coordinates at P. In these coordinates, if N > 5, the scalar
curvature of g satisfies Ry = O(r?).

In conformal normal coordinates it is more convenient to work with the Taylor
expansion of the metric. In such coordinates, we will always write

gij = exp(hij),

where h;j is a symmetric two-tensor satisfying h;;(x) = O(|x]?) and trh;i(x) = O(Ix|M).
Here N is a large number.

In what follows, we write d;d;h;; instead of Z did;hij.
ij=1

Lemma 2.8. The functions h;; satisfy the following properties:
a) 9id;hij = O(™);
b) f xxdidihij = o) for every 1 <k <n,

s

where N is as big as we want.
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This lemma plays a central role in our argument for 7 > 8 in Section 3.
Using this notation we obtain the following proposition whose proof can be
found in [6] and [17].

Proposition 2.6. There exists a constant C > 0 such that

d
IRg = didhil < C Y Y IhijalPlxPo=2 4 Cl™=,
lal=2 i,j
if x| < r < 1, where
hij() = ) hijax® + O(x|")
2<|a|<n—4

and C depends only on n and |h|cv, o))-

3. INTERIOR ANALYSIS

Now that we have a right inverse for the operator Lz, and a Poisson operator
associated to the Laplacian A, we are ready to show the existence of solutions with
prescribed boundary data for the equation Hg (v) = 0 in a small punctured ball
B.(p)\{p} € M. The point p is a nonremovable singularity, that is, u blows-up at p.
In fact, the hypothesis on the Weyl tensor is fundamental for our construction if
n > 6. But, if 3 < n < 5 we do not need any additional hypothesis on the point
p. We do not know whether it is possible to show the Main Theorem assuming
the Weyl tensor vanishes up to order less than [”2;6] This should be an interesting
question.

First we will explain how to use the assumption on the Weyl tensor to reduce
the problem to a problem of finding a fixed point of a map, (3.8) and (3.12). After
that, we will show that these maps has a fixed point for suitable parameters.

3.1. Analysis in B.(p)\{p} € M. Throughout the rest of this work d = [’%2], and g
will be a smooth conformal metric to go in M given by Theorem 2.7, with N a large
number. Hence, by the proof of Theorem 2.7 in [19], we can find some smooth
function ¥ € C*(M) such that ¢ = Fia go and F(x) = 1+ O(|x]*) in g—normal
coordinates at p. In this section we will work in these coordinates around p, in the
ball B, (p) with 0 < r; <1 fixed.

Recall that (M, go) is an n—dimensional compact Riemannian manifold with
Rg, = n(n—1),n > 3, and the Weyl tensor Wy, at p satisfies the condition

(3.1) VW, (p)=0,1=0,1,...,d-2.

Since the Weyl tensor is conformally invariant, it follows that W, the Weyl tensor of
the metric g, satisfies the same condition. Note that if 3 < n < 5 then the condition
on W, does not exist.

From Theorem 2.7 the scalar curvature satisfies Ry = O(|x|?), but for n > 8 we
can improve this decay, using the assumption of the Weyl tensor. This assumption
implies h;j = O(|x|"*1) (see [7]) and it follows from Proposition 2.6 that

(32) Rg = 8,8]h,] + O(le"_3).

We conclude that R, = O(|x]“"1). On the other hand, for n = 6 and 7 we have d = 2
and in this case, we will consider Ry = O(|x[?), given directly by Theorem 2.7.
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The main goal of this section is to solve the PDE
(3.3) Hg(uera+0)=0

in B,(0)\{0} c R" forsome 0 <+ <ry,e>0,R>0anda € R", withueg,+v >0
and prescribed Dirichlet data, where the operator Hy is defined in (2.2) and u.r,
in (2.9).

To solve this equation, we will use the method used by Byde and others, the fixed
point method on Banach spaces. In [5], Byde solves an equation like this assuming
that g is conformally flat in a neighborhood of p, and thus he uses directly the
right inverse of L, r given by Corollary 2.4, to reduce the problem to a problem of
fixed point. The main difference here is that we work with metrics not necessarily
conformally flat, so we need to rearrange the terms of the equation (3.3) in such a
way that we can apply the right inverse of L, g 4.

For each ¢ € n”/(C>%(8"1)) define v, := P,(¢) € T("(Ci’“(BT(O)\{O})) as in Propo-
sition 2.4. It is easy to see that the equation (3.3) is equivalent to

n—2
Le,R,a(v) = (A - Ag)(ug,R,a +0¢p + U) + Rg(”E,Rlﬂ T+ U)
(3.4) 4n-1)
. nn+2) 4
- QE,R,G(U¢ +0) - 4 Up R oV

since 1, g, solves the equation (2.6). Here L, r, is defined as in (2.14),
(3.5) Qe Ra(v) := Q"% (v)
and Q"®« is defined in (2.4).

Remark 3.1. Throughout this work we will consider |alr, < 1/2 with r, = €°, s
restricted to (d +1 —01)"' <s <4(d—-2+3n/2)"'and 6; € (0,(8n—16)71).

From this and (2.9) it follows that there are constants C; > 0 and C, > 0 that do
not depend on ¢, R and g, so that

(3.6) Clélxl% < us,R,a(X) < C2|x|%,

for every x in B, (0)\{0}.
These restrictions are made to ensure some conditions that we need in the next
lemma and in Section 5.

Lemma3.2. Let u € (1,3/2). Thereexists gy € (0, 1) such that for each ¢ € (0, &), a € R"
with lalre <1, and for all v; € Cx*(B,, (O\{0}),i = 0,1, and w € C2*,_, (B, (0)\{0}) with

2+d—-73
24d—p—2-5 .
loill2,a,p,r. < cr;r H72 and ||w||(z,a),2+d,%,rs < ¢, for some constant ¢ > 0 independent

of €, we have that Q. r . given by (3.5) satisfies the inequalities

1Q¢ R a(w + v1) = Qe R a(W + Vo)ll(0,0), 12,7, <
< CeM oy = voll@.a) . (||w||(2,a),2+d—%,rg + o1l @a),pur. + “v()”(Z,oz),‘u,r‘)/
and

A, 3t2d=5—p 2
”Qs,R,a(w)l|(O,a),y—2,r, <Ce Te : ||w||(2,a),2+d—%,r5'

Here A, = 0for3 <n <6, Ay = &% for n > 7, and the constant C > 0 does not depend
on &, Rand a.
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Proof. By the hypothesis, we conclude that
o) < cra

and
2+d—%
lw(x)| < cry 2

for all x € B, (0)\{0}. Using (3.6), we get

ea(®) + W+ (%) 2 elx] 7 (C1 = e(lxlry) T @1,
with s(d +1—-6;) =1 > 0, since s > (d + 1 — 6;)~". Therefore,
(3.7) 0< C3e|x|% < Uera(X) + w(x) + vi(x) < C4|x|%

for small enough ¢ > 0, since |x| < r.. Thus, by (2.4), we can write
nn+2 1ot 6-n
Qera(w +01) = Qe R a(w + Vo) = %(01 - 09) f f (the,Ra + 521) = Zydltds
- 0o Jo
and

n—2

where z; = w + tv1 + (1 — t)vy. From this we obtain

+2 vt i
Quaaw) = D [ [ b sty s
0 0

“Qe,R,a(w + 7)1) - QS,R,ﬂ(w + UO)”(O,&),[U,ZG] < C||vl - Z70”(0,0{),[0,20] (I|w”(0,a),[0,2a]+

6-n
+lo1ll0,0),[0,201 + ”UOH(O,a),[G,Za]) max [|(ue,r,a + 52¢) "2 |l(0,0),[0,20]
0<s,t<1
and
2 6-n
||Q£,R,u(w)”(0,0(),[0,2(7] < C”w”(()ra)/[g/zg] 012?;(1 ”(MS,R,II + Stw) -2 ”(0,0(),[(7,20]'
From (3.7) we deduce that
(e o + 52) 7 (x)] < Cerlx|'T"

and
[(tte,R .0 + stw) S ()] < CeM x| E,

for some constant C > 0 independent of ¢, 2 and R.
The estimate for the full Holder norm is similar. Hence, we conclude that

= 16
max [[(ue,ra + 52¢) 2 |l0,0), 10,201 < Cetg™
0<s,t<1
and
61 o ns
max [|(ite g a + 5t0) 2 ||y fo20) < CeMa 2"
0<s,t<1
Therefore,
2—
0" HlIQe,ra(w + 1) = Qe ra(w + Vo)l 0,0),[0,201 <
Ay d+1
< Ce fr;r ”U] - vO”(Z,a)r,“,h (”wl (2/&)/2+d_%,rg + “vlu(z,a),y,n + ”’00”(2,11),‘14,;’{)
and

2- Ay 3¥2=5 -y 0
%) “||Q£,R,H(w)“(O,ﬂ)/[ﬁ'Zﬁl < Cer, ’ ||w”(2,a),2+d7%,rs’

since 1 < p < 3/2implies2+d -n/2 <pand 3 +2d —n/2 — > 0.
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Now to use the right inverse of L, r,, given by G ry. 4 all terms of the right
hand side of the equation (3.4) have to belong to the domain of G.r, .. But
this does not happen with the term Rgu, g, if n > 8, since Ry = O(Jxl41) implies
Rgtiera = O(x|""2) and so Rguter, ¢ Cg'fz(B,é (0)\{0}) for every u > 1. However,
when 3 < n <7 we get the following lemma:

Lemma3.3. Let3<n <7, ue(1,3/2), x> 0andc > 0 be fixed constants. There exists

€o € (0,1) such that for each ¢ € (0, &), forall v € Ci’“(B,f(O)\{O}) and ¢ € " (C**($71))

) 2d—p-1-5 24d-1-5 .
with |[0ll,a),ur. < o TR g PN, < ke 2% we have that the right hand

side of (3.4) belongs to Cg'fz(Bh(O)\{O}).
Proof. Initially, note that by (2.18) we obtain

2+d-pu—-4-6
”U¢) + v”(Z,a),y,n < (C + K)rs ? 1/

by Lemma 3.2 we get that Q. r4(vy +v) € Cz'fz(Bn (0)\{0}).

Now it is enough to show that the other terms have the decay O(jx|+~2).
Using the expansion (2.10), it follows that

(A - Ag)ue,R,a =(A- Ag)us,R +(A - Ag)(ue',R,a — Ue R),

with U, gy — Uer = O"(Iallxl% ). Moreover, since in conformal normal coordinates
Ag = A+ O(Ix|N) when applied to functions that depend only on |x|, where N can
be any big number (see proof of Theorem 3.5 in [41], for example), we get

(A = Aguer = O(x™),

where N’ is big for N big.
Since Sij = (51']' + O(led”), we get
(A& = A)(tera = teg) = Ot %) = Ol )
when y <3 +d-3/2.
Since vy, = O(Ix?), gij = 6ij + O(Ix|"*!), Ry = O(Ix[?), using (3.6) we get the same
decay for the remaining terms. Hence the assertion follows. O

Now this lemma allows us to use the map G, r,, .. Letpy € (1,3/2)and ¢ > 0
be fixed constants. To solve the equation (3.3) we need to show that the map

NeR,a,¢,) + Bees, = Cf,’“(B,( (0)\{0}) has a fixed point for suitable parameters

¢, R, a and ¢, where B, s, is the ball in Cf,’“(Br& (0)\{0}) of radius cr’f”’_‘l_%_(\'1 and

Ne(R,a,¢,)is defined by

n—2
NeR,a,¢,0) = Geryra ((A —Ag)v+ ngU = Qe ra(vyp +0)
n-—2 nn+2) 4
+(A = Ag) (e ra + 0g) + ng(ug,Rla +0p) — 1 ug,‘l;ﬂvq,).

Let us now consider 1 > 8. Since Ry = O(|x*"!), we have Rqit¢ g0 = O(Ix|*"2), and
,Q

this implies that Rytierq Ci

(3.8)

%, (Br.(0)\{0}) for u > 1. Hence we cannot use G; g, a
directly. To overcome this difficulty we will consider the expansion (2.10), the
expansion (3.2) and use the fact that d;d ihij is orthogonal to {1, x1, ..., x,} modulo a
term of order O(|x|N") with N” as big as we want (see Lemma 2.8.)
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It follows from this factand Corollary 2.3, that there exists w, r € Cif 12 (Br. (0)\{0})
2
such that

n-—2

(3.9) Le r(weR) = =1

T[”(a,‘a]‘h,‘]‘)u&R.
This is because u, r depends only on |x|.
Again by Corollary 2.3

(3.10) ”wf'R”(Z"")'Zer*%r’s = C”n”(aia]'hij)ue,R”(O,a)rd*%,rg <gc

for some constantc > 0 that does not depend on ¢ and R, since 9;d jhjjue g = O(Jx|*"2).
Considering the expansion (2.10) and substituting v for w, r + v in the equation
(3.4), we obtain
n-2
Lera(0) = (A= Ag)(us,R,a +T We,R + 0y + v) + 47(11 — 1)Rg(Wg/R + 0 + v)
_Q (w +0 +v)+n7_2(9-3'h~(u —u )
(3.11) eRaTeR T To 20— 1) 09 (HeRa = e
n-2 nn+2), 4 4
+4(11 — 1) (Rg - 81-8]'h,-j)u5,R,a + T(u::ﬁ — ué’/};g)we,R
nn+2)
- u
4 &Ra

() + hus,R

n=2
4n—-1)
4-n A

4
where Ry — 9idjhij = O(x|"3), tte g a — tie,g = O(lallx| =), wp —ulg = O(lallx|™) by

the proof of Corollary 2.4, and h= didihij — "' (0id;hij) = O(IxN") with N large.
Hence we obtain the following lemma

Lemma 3.4. Let n > 8, u € (1,3/2), k > 0 and ¢ > 0 be fixed constants. There exists
o € (0, 1) such that for each € € (0,1), forall v € Ci’“(Bn O)\{0}) and ¢ € n”(sz"(Sf&‘l))

with 0l < cr 7472700 and ||Pllo,a),r, < Kr?dfrél, we have that the right hand

side of (3.11) belongs to cfﬁz(Bn (0)\{0}).
Proof. As before in Lemma 3.3, we obtain

Qe ra(We,r + 0 +0) € C%(By (0)\{0})
and

(A = At ra = O(x]*7%) = O(|x"72).

Therefore, the assertion follows, since for the remaining terms we obtain the
same estimate. O

Let u € (1,3/2) and ¢ > 0 be fixed constants. It is enough to show that the
map Ne(R,a,¢,") : Becs, = Ci’“(Br(O)\{O}) has a fixed point for suitable parameters

e, R, a and ¢, where B, .5, is the ball in C3*(B,(0)\(0}) of radius cr "™
Ne(R,a,¢,) is defined by

and
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n—2
NeR,a,$,0) = Gerpra|(A— Ag)v + ngU = Qe,ra(Vg + We,R +0)

n-2
+(A - Ag)(ue,R,a +0p + ws,R) + ng(v¢ + wg,R)
n-2 nn+2)
(312) +4:(Tl — 1) (Rg — aiajhij)ué.’R,a — n us,l%,av¢
nn+2), & 4 n—-2 —
+ 2 (us,lg - us,lg,z])wé R+ 4(11 1)1’[1{& R
n—2

+ didjhij(ue,ra — Ms,R)) :

4n-1)

In fact, we will show that the map N.(R,a, ¢, ) is a contraction for small enough

¢ > 0, and as a consequence of this we will get that the fixed point is continuous
with respect to the parameters ¢, R, 2 and ¢.

Remark 3.5. The vanishing of the Weyl tensor up to the order d — 2 is sharp, in the
following sense: if V’Wg(O) =0,1=0,1,...,d -3, thenforn > 6, g;j = 0;; + O(lx|%
and

(A= Aghutera = O(xI"H).

This implies (A ~ Ag)itera & Cp% (B, (0)\[0}), with p > 1.

The next lemma will be very useful to show Proposition 3.1. To prove it use the
Laplacian in local coordinates.

Lemma 3.6. Let g be a metric in B,(0) C R" in conformal normal coordinates with the
Weyl tensor satisfying the assumption (3.1). Then, for all y € Rand v € Ci’“(B,(O)\{O})
there is a constant ¢ > 0 that does not depend on r and p such that

(A = Ag) ()l 0,0,4-2r < P10l 2,01, -

3.2. Complete Delaunay-type ends. The previous discussion tells us that to solve
the equation (3.3) with prescribed boundary data on a small sphere centered at
0, we have to show that the map N:(R,a,®,-), defined in (3.8) for 3 < n <7 and
in (3.12) for n > 8, has a fixed point. To do this, we will show that this map is a
contraction using the fact that the right inverse Gy r . of L¢r, in the punctured
ball B, (0)\{0}, given by Corollary 2.4, has norm bounded independently of ¢, R, a
and r,.

Next we will prove the main result of this section. This will solve the singular
Yamabe problem locally.

Remark 3.7. To ensure some estimates that we will need, from now on, we will
consider R’ = 2(1 + b)e~!, with |b| < 1/2.

Proposition 3.1. Let u € (1,5/4), 1 > 0, k > 0 and 6, > 61 be fixed constants. There

exists a constant &y € (0,1) such that for each € € (0,¢0], bl < 1/2, a € R" with

lalri™® <1, and ¢ € n” (C>(Sp) with |Pllg,ar, < Kr?d_%_bl, there exists a fixed point

of the map N.(R,a, ¢, -) in the ball of radius PR gy Cr(By, (0)\{0}).
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Proof. First note that |alr, < rf.z — 0 when ¢ tends to zero. It follows from Corollary

2.4, Lemma 3.3 and 3.4 that the map N (R, 4, ¢, -) is well defined in the ball of radius
w28 in C24(B,, (0)\{0}) for small & > 0.

Following [5] we will show that

1 o4gp-n
(3.13) IN:(R, a, @, 0)l 2,01, < Efcr; i

and for all v; € CX(B,, (0\(0}) with [[oillar. < 72" 7%, i = 1,2, we will have

1
(3.14) INe(R, a, @, 01) = Ne(R, a, p, v2)l2,0),1,r. < §||01 = valla),ur.-

n

It will follow from this that for all v € Ci’“(Brt (0)\{0}) in the ball of radius T?’?—d_“_z
we will get

”NS(R/ ﬂ, (P/ U)”(Z,a),y,rs S ”N«E (R/ [1, (P/ U) - NS(R/ a/ ¢/ O)”(Z,a),y,n + ||Né (Rr ar ¢/ O)H(Z,LY),[,J,I’é .
Hence we conclude that the map N, (R, 4, ¢, -) will have a fixed point belonging to
the ball of radius 'cr?rd_y_E in Cf[“(Brg(O)\{O}).

Consider3 <n <7.

Since G¢ g s« is bounded independently of ¢, R and g, it follows that

INe(R, @, ), 0)ll .y, < € (I(A = Ag)(te ra + Do)l 00,21,

4
+||Rg(us,R,a + U(f))”(o,a),y—z,n + ”QE,R,a(U(,b)”(O,a),y—Z,n + ||”;,}§,ﬂv¢)”(0,a),y—2,rt)/
where ¢ > 0 is a constant that does not depend on ¢, R and 4.
Using local coordinates we obtain that

1+d—y| 3+d—u—1%
7

P HIA = Ag)(tte,ra — the R0, 0,201 < €O [Ue,Ra — Uerll@a)[020] < Clalo

4-n

since U R = Ue,Rr + O (lallx| 7 ), by (2.10). The condition u < 3/2 implies

3+d—p-1
(3.15) (A = A (e R — the, Rl 0,052, < clalry™H72.

As in the proof of Lemma 3.3 we have that (A — Ag)u. r = O(Ix|M), and from this
we obtain
(3.16) (A = Ag)ue lloayu-2r. < Ty,

where N’ is as big as we want. Hence, from (3.15) and (3.16), we get

5, 2+d-u-5%
(317) ”(A - Ag)us,R,ﬂ”(O,a),y—Z,n < CT’EZVE ? ’

since |a|rl_é2 <1, with 6, > 0.
From Lemma 3.6 and (2.18), we conclude that

1+d- 3+2d—u-4%-6
A = AQvgllo,mpu—2zr. < cre FliPll,ayr < cxre 2

and then
oy 24+d—p—1
(3.18) A = Ag)oglloapar, < crrt o243

Furthermore, since 5 —yu—n/2 23 +d—-pu—-n/2,Rg = O(|x|?) and we have (3.6),
we get that

5yt Dd—pu—1t
(3.19) ||Rg7/le,R,a||(0,ac),y—2,rE <cr, . S Crety H z.
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Using (2.18), we also get
2+d—p—1
(3.20) IR Doll0au—2r. < 7 Pl < cxrdOr, 72,
with 4 — 61 > 0.
By Lemma 3.2 and (2.18), we obtain
d— 2+d-p—1
B21)  1Qera@Ml0mu-2r < ce™ i HNGIR, ), < kP T2,

with ¢’ = A, +s(3+2d —u—n/2—-2061) > 0, since u <5/4,s > (d+1- 51)7' and
0< 61 <(8n—16)"1.
n-. 2

Let us estimate the norm ||ué R, ollo,w,u-2,r.-

First, (2.16) implies uE R =uy = + O(Jallx|™1). Hence, using (2.18), we deduce that

a

P 5,—0; 2+d—u-%
(3.22) 2“II(uéRﬂ—u 2)v¢ll<0a>[aza]<CIalr Hlplloa,, < Crr™ 2,

since Ialrl_é2 <1,with 6 — 6; > 0.
If r1*} < |x| < 7. with A > 0, then

—sloge < —loglx| < —s(1+ A)loge,
and by the choice of R, R% = 2(1 + b)e~! with |b| < 1/2, see Remark 3.7,we obtain

(n?LZ —s)loge +log(2 +2b)7 < —log x| +1ogR <

< (112—2 —s(1+ )\))logs +log(2 + 2b)7,
with -25 —s > 0, since s < 4(d — 2 + 31/2)™" < 2(n — 2)~". We also have
ve(~log [x| + log R) < eel"Ts-1)loge+log@+2) — (9 1 pp)e"7's

for small enough A > 0. This follows from the estimate v.(f) < e’z ", Vt € R.
Hence

(3.23) W72 (x) = Ix| 207 (- log x| + log R) < C,lxl 2.

Ifwetake0 < A < — 1 fixed, then ﬁ —5(1+ A) > 0 and from (3.23) we get

s(n 2)

"2 =)
||”e”,_1§||(0,a),[a,20] <Co"rs,

for r'** < 0 < 277, and then

: U R Vo ll©,),[020 K1y T ",
524 G M7 30l o2e) < Crer 72"
with2 -6, > 0.
For0 <o < r}”‘, we have
d—y—t
(325) 2 #”M U(b” 0,a),[0,20] = Cr(z W) ||(Z)||(2 e S CKT’(Z WA=d: 2+ ¥ 2,

Since s < 4(d — 2 +3n/2)"!, we can take A such that ;g < A < 25 — 1. This
together with < 5/4and 0 < &; < (8n — 16) 7! implies (2 — u)A — 61 > 0.
Therefore, by (3.22), (3.24) and (3.25) we obtain

//_(3 2+d-u—%
(3.26) |Iu§,1§a olloau-zr, <y gl < crrd =0T,

for some 6” > 61 fixed independent of ¢.
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Therefore, from (3.17), (3.18), (3.19), (3.20), (3.21) and (3.26) it follows (3.13) for
small enough ¢ > 0.
For the same reason as before,

INe(R, a, P, 01) = Ne(R, a, , v2)l2,0),1,r. < € (|I(Ag = A)(v1 = 0)|l(0,0), -2

+||Rg(vl - Z’Z)”(O,oz),y—Z,rt + ”Qe,R,u(Uq‘) + z71) - Qs,R,a(Uq5 + UZ)”(O,a),p—Z,ré) ’

where ¢ > 0 is a constant independent of ¢, R and a.
From Lemma 3.6 and R, = O(|x|*) we obtain

(3.27) (A = Ag) (@1 — 020,y u-2r. < 101 = V2ll2,0) 10,
and
(3.28) IRg(v1 = 02)ll0,0) -2, < Cellor = V2l .-

As before, Lemma 3.2 and (2.18) imply

(3.29) 11Qe,Ra(vg +01) = Qera(Vp + V20,01 u-2, < €™ CF2H=270 101 — 052,010,

with A, +s(B+2d — u—n/2 - 061) > 0asin (3.21).
Therefore, from (3.27), (3.28) and (3.29), we deduce (3.14) provided v;, v; belong

to the ball of radius Tr?d_“_% in Cf,’“(B,E(O)\{O})) for ¢ > 0 chosen small enough.
Consider n > 8.
Similarly

”NE(R/ a, (Pr 0)”(2,04),[.1,7( <c (”(A - Ag)(ue,R,a + vq’) + ws,R)”(O,a),p—Z,n
+||Rg(vgb + we,R)”(O,zx),y—Z,n + ”Qe,R,u(vd) + ws,R)”(O,oc),y—Z,ré
+|(Rg = didjhij)ute R all0,a),u-2,r. + 10i0jhij (e R a = the R)NN0,0), 127
4 4 4 _
"’||7fl;’_liav(,ﬁ||(0,az),‘u—2,ré + ||(Ll:/_1§ - 7/1;_15/,1)ws,R”(O,nc),‘u—Z,rE + ”hus,R”(O,a),y—Z,rg) ’

where ¢ > 0 does not depend on ¢, R and a.
From (2.18), (3.10), Lemma 3.2 and the fact that R, = O(|x[*71), we get

24d—p—1
(3.30) (A = Ag)we rll0,0) -2, < crre™ 172,

oy 2+d—pu—4
(3.31) IR (04 + we R0, -2, < Crere 00712,
and

; 2td—p—1t
(3.32) Qe Ra(@s + We ROz <crire ™ 2,
for some & > 0.

Note that
(Rg = 9idjhip)ue,r,a = O(Ix|272)

and

9i0jhij(tte g.a — tteR) = Ollallx"*""2),
by Corollary 2.1. This implies
(3.33) I(Rg = Idihiite Ralloay ez, < erere™ 8
and

2+d—u—-%
(334) ”aiajhij(us,R,u - ue,R)”(O,zx),p—Z,n < Cllllrgi’s e .
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|-

4
Finally, by the proof of Corollary 2.4 we have u; —up = O(lal|x|™1). Hence,
A A 2+d-u—%
(335) ||(Ll::1§ - 7/l;vx,71§,,1)we,R||(O,0c),p—2,ré < C|a|r£rg : z.

Since h = O(IxIN'), where N’ is as big as we want, by (3.17), (3.18), (3.26), (3.30),
(3.31), (3.32), (3.33), (3.34) and (3.35), we deduce (3.14) for ¢ > 0 small enough.
Now, we have

IN:(R,a, ¢, 01) = Ne(R, 2,0, 02)ll .y, < € (I(Ag = A1 = 02)ll 000 -2
+||Q£,R,a(v¢) + We,Ra + Ul) - QE,R,a(vq) + We,Ra + 02)”(0,01),;172/ Ve

+IRg(@1 = 02)ll0apu-2r,)-
As before we obtain

(3.36) I(A = Ag)(v1 = v2)ll0,0),u-2,r. < oy — all,a),,r.
and
(3.37) IRg (w1 = v2)ll(0,0,-2,r. < P 01 = vall(0,0), .,

g u u

By Lemma 3.2 and (2.18), we obtain

”Qs,R,zl(vzp + WeRra t vl) - Qs,R,u(vqb + WeRra + UZ)”(O,D(),yfz,ré <

3.38 T
(3:38) < 0 M B0 10y — Vol ) s

with A, +5(B3+2d — u—n/2—-061) > 0.
Therefore, from (3.36), (3.37) and (3.38), we deduce (3.14) provided vy, v; belong

to the ball of radius Tr?df‘k% in Cﬁ'“(Bré,(O)\{O})) for € > 0 chosen small enough. O
We summarize the main result of this section in the next theorem.

Theorem 3.8. Let u € (1,5/4), t > 0, x > 0 and o, > 61 be fixed constants. There

exists a constant &y € (0,1) such that for each ¢ € (0,¢0], bl < 1/2, a € R" with
lalrl= < 1 and ¢ € " (C¥(S!) with Pl < K72 2", there exists a solution

UeRap € Ci’“(B,é (0)\{0}) for the equation

Hg(us,R,u + WeRr + Vg + Us,R,u,qb) =0 in Bn (0)\{0}
1 (0 + Ue,Ra,0)l98,.0) = ¢ on 9B, (0)
wherew,gr =0for3 <n <7andw.g € n”(Cifd_ﬂ(B,( (0)\{0})) is solution of the equation
2
(3.9) forn > 8.

Moreover,
2+d—-u—4
(3.39) IUeraoll@aur <Tre 2
and
6 —
(3.40) U R0 = Ue,Ragll@ayur < Cre Ml = pall@ayrs

for some constants 03 > 0 that does not depend on ¢, R, a and ¢;, i = 1,2.

Proof. The solution U R, is the fixed point of the map N.(R,a,¢,-) given by
Proposition 3.1 with the estimate (3.39).
Use the fact that U, ¢ is a fixed point of the map N (R, a, ¢, ) to show that

IUe,R 0,00 — Ue Ragoll@ayure < 20INe(R, a, P1, Ue rapy) — Ne(R, a, P2, Ue, R a0l @,0), 10,7
From this we obtain the inequality (3.40). O
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We will write the full conformal factor of the resulting constant scalar curvature
metric with respect to the metric g as

ﬂs(Rz a, (P) ‘= UgRa T We,R +Up + us,R,a,rjn

in conformal normal coordinates. More precisely, the previous analysis says that
the metric § = A (R, a,([))ﬁ g is defined in B, (p)\{p} C M, it is complete and has
constantscalar curvature Ry = n(n—1). The completeness follows from the estimate

AR, a,$) > clx|T",

for some constant ¢ > 0.

4. EXTERIOR ANALYSIS

In Section 3 we have found a family of constant scalar curvature metrics on
B (p)\{p} € M, conformal to go and with prescribed high eigenmode data. Now
we will use the same method of the previous section to perturb the metric go and
build a family of constant scalar curvature metrics on the complement of some
suitable ball centered at p in M.

First, using the non-degeneracy we find a right inverse for the operator Léo (see
(2.5)), in the complement of the ball B,(p) C M for small enough r, with bounded
norm independently of .

In contrast with the previous section, in which we worked with conformal
normal coordinates, in this section it is better to work with the constant scalar cur-
vature metric, since in this case the constant function 1 satisfies Hg (1) = 0. Hence,
in this section, (M", go) is an n—dimensional nondegenerate compact Riemannian
manifold of constant scalar curvature R, = n(n —1).

4.1. Analysisin M\B,(p). Letr; € (0,1)and V¥ : B, (0) — M be anormal coordinate
system with respectto g = F i go on M centered at p, where ¥ is defined in Section
3. We denote by G,(x) the Green’s function for Léo = Ag, + 1, the linearization of
Hyg, about the constant function 1, with pole at p (the origin in our coordinate
system). We assume that G,(x) is normalized such that in the coordinates W we
have }gr& |x|”_2Gp(x) = 1. This implies that |G, o W(x)| < Clx|*™, for all x € B,,(0).
In these coordinates we have that (go)i; = 6;; + O(x?), since gij = 6;; + O(|x[*) and
F =1+ O(Ix]?).
Our goal in this section is to solve the equation
(4.1) Hg(1+AGy,+u)=0 on M\B,(p)

with A € R, r € (0,71) and prescribed boundary data on dB,(p). In fact, we will
get a solution with prescribed boundary data, except in the space spanned by the
constant functions.

To solve this equation we will use basically the same techniques that were used
in Proposition 3.1. We linearize Hg, about 1 to get

Hg,(1+ AG, + u) = Ly, (u) + Q'(AG, + u),
since Hg, (1) = 0 and LéO(Gp) = 0, where Q! is given by (2.4). Next, we will find a

right inverse for Lglzo in a suitable space and so we will reduce the equation (4.1) to
the problem of fixed point as in the previous section.
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4.2. Inverse for Léo in M\W(B,(0)). To find a right inverse for Li,o, we will follow
the method of Jleli in [13]. This problem is approached by decomposing f as the
sum of two functions, one of them with support contained in an annulus inside
W(B,,(0)). Inside the annulus we transfer the problem to normal coordinates and
solve. For the remainder term we use the right invertibility of Ly on M which is a
consequence of the non-degeneracy.

The next two lemmas allow us to use a perturbation argument in the annulus
contained in W(B,,(0)).

Lemma 4.1. Fix any v € R. There exists C > 0 independent of r and s such that if
0<2r<s<ry,then

1 2
I(Lg, = A)@lcos o,y < C7 M0l 20y,

forall v € CZ*(Qy).

Proof. Use the Laplacian in local coordinates. O

Lemma 4.2. Assume thatv € (1 —n,2 —n) is fixed and that 0 < 2r <'s < ry. Then there
exists an operator

Grs 1 CY%(Qrs) = Cr(Qrs)
such that, for all f € CY*(Q,s), the function w = G, s(f) is a solution of

Aw = f in B (0)\Br(0)
w = 0 on dBs(0)
w € R on dB,(0)

In addition,
”Gr,s(f)”C‘Z/‘(Qns) < C”f”CB’fz(Qr,s)’
for some constant C > 0 that does not depend on s and r.

Proof. See lemma 13.23 in [13] and [14]. O

Proposition 4.1. Fixv € (1 —n,2 —mn). There exists r, < %11’1 such that, for all v € (0,12)
we can define an operator

Grgo  CY5(My) = C(My),
with the property that, for all f € Cgf"z(M,) the function w = Gy,g,(f) solves
L @)= f,
in M, with w € R constant on dB.(p). In addition
1Gr g0 (Dl < CllFllcos
where C > 0 does not depend on r.

Proof. From Lemma 4.1 and a perturbation argument follows that the result of
Lemma 4.2 holds for s = r; small enough when A is replaced by Léo. We denote by
Gy, the corresponding operator.

Let f € CS’f’z(Mr) and define a function wy € C*(M,) by

wo := NGy (flo,,)
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where 1 is a smooth, radial function equal to 1 in B, (p), vanishing in M, and
satisfying |0,n(x)| < clx|™ and [9?1(x)| < c|x|™? for all x € B,,(0). From this it follows
that [[1ll2,4),[6,201 is uniformly bounded in o, for every r < o < %rl. Thus,
(42) ”wollcﬁ/“(Mr) < C”f”C?fZ(Mv)'
where the constant C > 0 is independent of r and ;.

Since wy = Gy, (f |er,1 ) in Qn% ,,» the function

h:=f- L}go(wo)

is supported in M, . We can consider that / is defined on the whole M with i = 0
in B%,,l (p). By (4.2) we get
(43) Willconuy < CrullFlcon

with the constant C,, > 0 independent of r.
Since Ly, : C>*(M) — C**(M) has abounded inverse, we can define the function

wy = x(Ly,)~ (),
where y is a smooth, radial function equal to 1 in Mj,,, vanishing in B,,(p) and
satisfying |9,x(x)] < clx|™! and [?x(x)| < c|x|72 for all x € B,,(0) and some r; €
(r, %rl) to be chosen later. This implies that [|x|l,a)[020] is uniformly bounded for
r<o<in.
Hence, from (4.3)

(4.4) 1l e,y < CrllLg)) ™ Mllczaquy < Crlitliconquy < Cryllfllcon o,y
since v < 0, where the constant C,, > 0 is independent of r and r;.
Define an application F,g, : CSfYZ(M,) — C**(M,) as
Fp o (f) = wo + wy.
From (4.2), (4.3) and (4.4) we obtain

(4.5) Iy, g0 (Nllc2au,) < Cllfllcos ar,)s
and
(46) ”L(lgo(Fr,go(f)) - f”CSiYZ(Mr) < Crgl_v||f||c3g2(M,)

since 1 —n <v < 2—nimplies that2—v > 0and -1 —v > 0, for some constant C > 0
independent of ¥ and ;. The assertion follows from a perturbation argument by
(4.5) and (4.6), as in the proof of Corollary 2.4. O

4.3. Constant scalar curvature metrics on M\B,(p). In this section we will solve
the equation (4.1) using the method employed in the interior analysis, the fixed
point method. In fact we will find a family of metrics with parameters A € RR,
0 < r < r; and some boundary data.

For each ¢ € C?>4(§~1) L2—orthogonal to the constant functions, let Uy € C2*(M,)
be such that u, = 0in M,, and u, o ¥ = nQ,(p), where Q; is defined in Section
2.6.2, n is a smooth, radial function equal to 1 in B% ,,(0), vanishing in R"\B,,(0),
and satisfying |d,1(x)| < c|x|™! and |9?n(x)| < c|x|72 for all x € B,,(0). As before, we
have [|1ll2,a),16.20] < ¢, forevery r <o < %rl. Hence, using (2.20) we conclude that

(47) ”u(p”Cgﬂ(My) < Crﬂ/”(P”(Z,n),r/
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forallv>1-n.

Finally, substituting u := u, + v in equation (4.1), we have that to show the
existence of a solution of the equation (4.1) it is enough to show that for suitable
A € R, and ¢ € C?>*($"!) the map M,(A,¢,") : C>(M,) — C>*(M,), given by

(4.8) Me(A, @,0) = =Gy, (Q'(AG, + 1y + v) + L;,O(u(p)),

has a fixed point for small enough r > 0. We will show that M,(A,¢p,-) is a
contraction, and as a consequence the fixed point will depend continuously on the
parameters r, A and ¢.

Proposition 4.2. Let v € (3/2 -n,2 —n), 64 € (0,1/2), p > 0 and y > 0 be fixed
constants. There exists o € (0,r1/4) such that if v € (0,12), A € R with AP < rd‘z*%,
and ¢ € C>¥(§"~1) is L2—orthogonal to the constant functions with ||p||p,q),, < pr2Td-27%,

then there is a fixed point of the map M,(A, @, -) in the ball of radius yr**4='=% in C2*(M,).

Proof. As in Proposition 3.1 we will show that

1 o4g—y-z
(4.9) IMAA, @, 0l ey < 577e
and
1
(410) ”MV(A/ P, Ul) - Mr(A/ @, UZ)HC%“(M,) < 5”01 - vz”Cﬁ"*(M,)'
for all v; € C2*(M,) with [0l 2y, < 270 i 2 1 and 2.

From (4.8) and Proposition 4.1 it follows that

M9, Ol < € (IQUAG + it lconur + I, (t o, ).

for some constant ¢ > 0 independent of r.

Note that [AG,| < crl“’g‘%, with 1+d/2-n/4 > 0and c > 0 independent of r, and
from (2.4)

1 A
(4.11) Qu) = Muzf f (1 + stu) w2 sdsdt
n-—2 0o Jo

for 1+ stu > 0. Since 0 < c <1+ 5tAG, < Cin M,, for small enough 7, then

6-n
max ||(1 + stAG,) 2 ||coe <g,
te[m]”( )72 | co My,)

and

(4.12) ”Gp”CO/“(M%Yl) <gc,

where ¢ > 0 is a constant independent of r. Thus, by (4.11) and (4.12) we have
(4.13) ||Q1(AG,,)||C0,4<M%’_I) < CAP < CP v,

where the constant C > 0 does not depend on r and ¢’ = 2n —4 + v > 0 since
v>3/2-n.

Now, observe that (4.7) implies |uy(x)| < cpr?>*=27%, Vx € M,, with 2 +d —
n/2 — 064 > 0. From this and [AG,(x)| < cr'*57% for all x € Qr, wegetl <c<

1+ tAGy +uy) < Cforevery 0 <t < 1. Again, using (4.7) and [AVG,| < criTi, we



30 ALMIR SILVA SANTOS

conclude that the Holder norm of (1 + t(AG, + uy)) 7 is bounded independently of

r and t. Therefore,
6=n
= <C

g;gf”(l + t(AGy + ugp)) 20,010,201 < C
From (4.11) we obtain
— — 3 4d—v-1
®IQYAG, + up)lloa) 20 < Ca*VIIAG, + u(P”(ZO,a),[a,ZU] < Cpratia,

sincen > 3,04 < 1/2,r <o and v > 3/2 — n implies that 6 + 2d —v —n — 204 >
5/2+4d-v—-n/2and 9/2-v—-2n < 0.

Therefore
1 d—y—1
(4.14) IQ'(AG, + up)llcorq,, ) < Cprar?td=i,
and from (4.13) and (4.14), we get
1 5 24d—v—1
(4.15) IQ (AG, + ”(P)“cﬂ'_“z(M,) <GCprr 2,

for some constant 6” > 0 independent of .
From AQ, = 679,0;Q, = 0, (30)ij = 6ij + O(Ix|*) and det go = 1 + O(|x[*), we obtain

1A g, (p)ll0,a), 0,201 < C (”Qr((P)”(Z,a),[a,ZU] +0 _2”77”(0,0(),[0,20]”Qr((P)”(Za),[a,Za]) ,
where the term with 072 appears only for o > 1r1 , since din = 0in B 1,,(0).
Therefore, using that 3 —n —v > 0 and 64 € (0,1/2) we get

n—1+v—64r2+d—v—§
4

g, (el 0art2al < Cri " lill@ayr = Crifr
withn —1+4+v—064 > 0.
This implies
1 n—1+v—04 2+d—v—12
(4.16) ||L80(”<")|IC3'1’2<%> < C,pr r 2,
withn —1+v—04 >0.

Therefore, by (4.15) and (4.16) we obtain (4.9) for r > 0 small enough.
For the same reason as before, we have

[IM:(A, P,01) = Mi(A, ®, UO)”CE’“(M,) < C”Ql()\Gp +up+ v1)— Ql(/\Gp +up+ UO)”C%Z(M')'

Furthermore,

1 1 _n(n+2) Lot 6=
Q(AG, +uy +v1) = Q(AG, + uy +19) = — (v1 — ) (1 + sz;) 2 zydsdt,
- 0o Jo

where z; = AG, + uy, + v + t(v1 — vg), since for small enough r > 0 we have
0 < ¢ <1+sz <C. This implies

&1 en
(1 + sz¢) =2 ”CO,a(erl) <C and ||(1 +sz) 2o 020 < C
2
with the constant C > 0 independent of r. Then, by (4.12), we have
41,3 -
IQ'(AG, + 1) = Q'(AG, + vo)llcoaqu,y) < Cr27F + 27 5)l[o1 = vgll ey,
and
> IQY(AG, + ug + 1) — QUAG, + tgy + v0)ll0,a)[020] <
< C (|)\|04_" + 0 lugll @0 10201 + 21011l 2,000,201
+ 02||Uo||(2,a),[g,2a]) o Vlv1 = voll0,a),[0,201
d_n
< Cr1,ﬁ72+2 oy — UO”C%’“(M,)
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sincel+v<0,2+d/2-n/4<3+d-n/2<4+d-n/2—-064and 0 < 04 < 1/2.
Notice that2 +d/2 —n/4 > 0.
Therefore, we deduce (4.10) for small enough r > 0. O

From Proposition 4.2 we get the main result of this section.

Theorem 4.3. Let v € (3/2-n,2-mn), 64 € (0,1/2), p > 0 and y > 0 be fixed
constants. There is ry € (0,71/2) such that if r € (0,15), A € R with |AR < ¥-2*%, and
@ € C>¥(S!1) is L>~orthogonal to the constant functions with ||pllo,,, < pr¥ti-27%,
then there is a solution V, , € C>%(M,) to the problem
{ Ho(1+AGy +up+Vyp)=0 in M,
(u(p + VA,(P) o \II|¢9B,-(0) —@pe R on 8M, ’

Moreover,
(4.17) IVagliczapy,y < 7772,
and
(4.18) IVae: = Vagllczaga,y < CrV|lp1 — @all @),

for some constant 65 > 0 small enough independent of r.

Proof. The solution V,, is the fixed point of M, (A, ¢,) given by Proposition 4.2
with the estimate (4.17). The inequality (4.18) follows similarly to (3.40). O

Define f := 1/, where ¥ is the function defined in Section 3.1. We have
g0 = firg with f = 1+ O(|x[) in conformal normal coordinates centered at p.
We will denote the full conformal factor of the resulting constant scalar curvature
metric in M, with respect to the metric g as B,(A, @), that is, the metric

§=80 g
has constant scalar curvature Rs = n(n — 1), where
B(A, @)= f+AfGp + fuy + fVe.
5. CoNsTANT ScaLarR CURVATURE ON M\ {p}
The main task of this section is to prove the following theorem:

Theorem 5.1. Let (M", go) be an n—dimensional compact Riemannian manifold of scalar
curvature Ry, = n(n—1), nondegenerate about 1, and let p € M be such that Vngo (p)=0
fork=0,...,d -2, where Wy, is the Weyl tensor. Then there exist a constant &g and a
one-parameter family of complete metrics g, on M\{p} defined for € € (0, &9) such that:

i) each g. is conformal to go and has constant scalar curvature Rg, = n(n — 1);
ii) g, is asymptotically Delaunay;
iii) g. — go uniformly on compact sets in M\{p} as ¢ — 0.

If the dimension is at most 5, no condition on the Weyl tensor is needed. Let
us give some examples of non locally conformally flat manifolds for which the
theorem applies.

Example: The spectrum of the Laplacian on the n—sphere §"(k) of constant curva-
ture k > 0 is given by Spec(A,) = {i(n +i—-1)k;i = 0,1,...}. Consider the product
manifolds $?(k;) X $%(kz) and $%(ks) x $(ks). If we normalize so that the curvatures
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satisfy the conditions k; + k» = 6 and k3 + 3k = 10, then the operator given in
definition 1.4 with u = 1is equal to L}, = Ay, + 4 and Ly, = Ag,, + 5, where g1,
and ¢34 are the standard metrics on $?(k1) X $%(k2) and $%(ks) X $°(ks), respectively.
Notice that we have R, = 12 and Ry, = 20.

It is not difficult to show that the spectra satisfy

Spec(Ly,,) € {i(i + 1)ky —4;m =1,2and i = 0,1,...} U[8, )

and

Spec(LL,) C {i(i + 1)ks — 4,i(i + 2)ks — 4;i = 0,1,.. . U [6, 00).

The product $?(k1) X $?(k2) with normalized constant scalar curvature equal to
12, is degenerate if and only if k1 = 4/(i(i+ 1)) ork, = 4/(i(i+ 1)) forsome i =1,2,...
For the product $%(ks) X $%(ks) with normalized constant scalar curvature equal to
20, we conclude that it is degenerate if and only if k3 = 4/(i(i + 1)) or ks = 4/(i(i + 2)),
forsomei=1,2,...

Therefore we conclude that only countably many of these products are degen-
erate.

In previous sections we have constructed a family of constant scalar curvature

metrics on B, (p), conformal to gy and singular at p, with parameters ¢ € (0, &)
for some ¢g > 0, R > 0, 2 € R” and high eigenmode boundary data ¢. We have
also constructed a family of constant scalar curvature metrics on M, = M\B,(p)
conformal to gy with parameters r € (0, r,) for some 1, > 0, A € R and boundary
data ¢ L?—orthogonal to the constant functions.

In this section we examine suitable choices of the parameter sets on each piece
so that the Cauchy data can be made to match up to be C! at the boundary of
B,.(p). In this way we obtain a weak solution to Hg, (1) = 0 on M\{p}. It follows
from elliptic regularity theory and the ellipticity of Hy, that the glued solutions are
smooth metric.

To do this we will split the equation that the Cauchy data must satisfy in an
equation corresponding to the high eigenmode, another one corresponding to the
space spanned by the constant functions, and n equations corresponding to the
space spanned by the coordinate functions.

5.1. Matching the Cauchy data. From Theorem 3.8 there is a family of constant

scalar curvature metrics in B, (p)\{p}, for small enough ¢ > 0, satisfying the follow-
ing:

§=ARa,d)77g,
with Ry = n(n - 1),

AR, a,P) = tera + We,r + 0 + Ue Rao

in conformal normal coordinates centered at p, and with
2-n

I1) RT =2(1+b)etand |b| <1/2;

12) ¢ € " (C>(S)) with [Pl < wre ' ®
is some constant to be chosen later;

13) lalry ™ < 1 with 6, > &y;

14) wer =0for3<n<7 wr€ n”(Cifd_ﬂ(Br& (0)\{0})) is the solution of the
2

51 €(0,(81—16)"") and k > 0

equation (3.9) for n > §;
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I5) Uerag € Ci’“(B,é (0)\{0}) with 71" (U¢,r0,0l08,,(0)) = O, satisfies the inequality

(3.40) and has norm bounded b Tr§+d_“_%, with u € (1,5/4)and 7 > 0 is
y H

independent of ¢ and «.
Also, from Theorem 4.3 there is a family of constant scalar curvature metrics in

M,, = M\B,,(p), for small enough ¢ > 0, satisfying the following:
3=8.(A )y,
with Ry = n(n - 1),

B (A, @)= f+AfGy + fuy + fVay,
in conformal normal coordinates centered at p, with
E1) f =1+ f with f = O(IxP);
E2) A € R with AR < 72 %;
E3) ¢ € C**(§8!1) is L?~orthogonal to the constant functions and belongs to the

ball of radius ﬁr§+d_g_64, 04 € (0,1/2) and g > 0 is a constant to be chosen

later;
E4) V,, € c2e (M,,) is constant on dM,,,, satisfies the inequality (4.18) and has
norm bounded by yr§+d_v_7 ,withv € (3/2—n,2-n)and y > 0is a constant

independent of ¢ and .

Recall that r, = &® with (d+1—061)"! <s < 4(d—2+3n/2)"!, see Remark 3.1. For
example, we can choose 61 =1/8nands =2(n—-1 - 1/2n)71.

We want to show that there are parameters, R € R;, 2 € R", A € R and
@, ¢ € C**(81) such that

51) AR, a,P) = B, )
: HAR,a,0) = 9,B:(A, @)

on dB, (p).

First, let 61 € (0,(8n — 16)71) be fixed. If we take w and 9 in the ball of radius
R C>(81), with w belonging to the space spanned by the coordinate
functions, § belonging to the high eigenmode, and we define ¢ := w + 9, then

we can apply Theorem 4.3 with f = 2 and 64 = 61, to define B, (A, w + I), since

el < 2r§+d—%—01.
Now define
¢ = T ((Br.(A, @+ ) —uera — WeR)ls1)
(5.2)

= T((f+AfGp + fuwrs + fViwrs = Uera — WeR)lg1) + 9,
where in the second equality we use that 71}/ (1e+slgi1) = 9, 71/ (Vi w+slg-1) = 0 and

f =1+ f,with f = O(IxP).
We have to derive an estimate for [[psl](2,4),r.- To do this, we will use the inequality
(2.12) in Lemma 2.3. But before, from (2.11) in Corollary 2.1, we obtain

(5.3) T (e Ralsy1) = Olal’r?),

since . = ¢ and RZ = 2(1 + b)e ! with s < 4(d — 2 + 3n/2)"! < 2(n — 2)~! and
|b| < 1/2 implies that R < 7, for small enough ¢ > 0.
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Let1+d/2—n/4> 5, > 6 and leta € R" with |af? < 7% ? (5, = 1/8, for example).

d_n_g
271

- 1 5
Hence we have that Ialri 02 < Te ? tends to zero when ¢ goes to zero, and 13)

. . . 2+d-14
is satisfied for ¢ > 0 small enough. Furthermore, since |a*r <7, ?, we can show
that
7 2+d-1%
(5.4) Il (”s,R,a|S;l;1)”(Z,a)/n <Cr. 7,

for some constant C > 0 independent of ¢, R and a.
Observe that (fG,)(x) = |x[*"+O(|x]*"") and |A]* < r?_
O 1), with2 +d/2 — n/4 > 2 +d - nj2. Thus
’” d—5
(5.5) I (A Gplgillaayr, < Cre™ 2.

243

* imply 707 (A(f Gp)lgp1) =

Now, using (2.20), (3.10), (4.17), (5.2), Lemma 2.3 and the fact that? = O(|x?), we
deduce that

2+d-%
(5.6) lps — Sll,ayr, <cte 2,
and ;
2+d-2-5
”(i)S”(Z,O(),I’é S crs ? 1/

for every 9 € /(C>*(§}")) in the ball of radius r?d_i_&, for some constant ¢ > 0

that does not depend on ¢. Therefore we can apply Theorem 3.8 with «x equal to
this constant ¢ and A.(R, a4, py) is well defined. The definition (5.2) immediately
yields

7'(;: (ﬂé (R/ a, (PS)lS;’:l) = T(;: (Bh (/\/ w + S)lS;‘i‘l)'

We project the second equation of the system (5.1) on the high eigenmode,
the space of functions which are L?($"~!)—orthogonal to ¢y , ...,e,. This yields a
nonlinear equation which can be written as
(5.7) redr(vg —ug) + Se(a, b, A, w,9) =0,
on d,B,,(0), where

Se(a,b, A, @,8) = 1:0,0p,-9 + 10,7, (ue,R,QIS;?l) + 7:0:We R

'H’earn;: ((ue,R,a,qbg - ? - /\pr - ?um+8)|5’,’;l) - 7’ear7-(;: ((fV)\,w+9)|5;};1)~
Since vy = P;(9) and uy = Q.(9) in Q1
from (2.17) and (2.19), we conclude that
1e0, (Vs — us)(rer) = I (P1(S1) — Qu(91)),
where 9; € C>%($"!) is defined by 91(6) := 3(r6). Define an isomorphism Z :
n//(cz,a(sn—l)) N n//(cl,a(sn—l)) by
Z(9) := d(P1(9) — (),

(see [13], proof of Proposition 8 in [29] and proof of Proposition 2.6 in [35]).
To solve the equation (5.7) it is enough to show that the map H.(a,b,A, w,") :
D, — 1"’ (C>*(S" 1)) given by

7-{6(“1 b/ A/ w, ‘9) = _Z_l (Sé‘(a/ b/ /\r w, 8}'é )(ré“))r

2+d—5-01

has a fixed point, where D, := {8 € 7”/(C**($"™)); [¥ll@.1 < 7e fand 9,,(x) :=
3 1x).

n C©M,, for some r; > 0, see Section 4.3,
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Lemma 5.2. There is a constant €y > 0 such that if € € (0, o), a € R" with |a*> < r’j_%,

band A in R with |b] < 1/2 and |A]?* < r?72+3_2n, and w € C**(8!~1) belongs to the space

spanned by the coordinate functions and with norm bounded by r§+d_%_

H(a,b, A, w, ") has a fixed point in D,.

61, then the map

Proof. As before, in Proposition 3.1 and 4.2 it is enough to show that

1 _n_
(5.8) 1He(a,b, 2,0, Ol < 7
and
1
(5.9) lH(a,b, A, w,91) = He(a, b, A, 0, 92)llpa)1 < §||91 = Dllewm,

for all 94,9, € D..
Since Z is an isomorphism, we have that

”'}lE (ﬂ, b/ /1/ w, O)“(z,a),l < C”SS (El, b/ /\/ w, O)“(l,a),n
where by (5.6), ¢ satisfies

2+d—%5
llpoll,a)r < cre 2,

where the constant C > 0 and ¢ > 0 are independent of .
_ From (2.13), (2.18), (2.20), (3.10), (3.39), (4.17), (5.4) and (5.5) and the fact that

f = O(|x*) we obtain
24d-1
I1Se(@, b, A, @, O)llayr, < cri™ 2.

for some constant ¢ > 0 independent of ¢.
Therefore we get (5.8) for small enough «.
Now, we have

[He(a, b, A, @, 81) = He(a,b, A, @, 9l o1 < C(I1re0r0g, 5,105, -8, 0l
HIredrmy (Ueraps, | = Uerags, ls)llwar.
HIred 0 (F(Vawss,n = Vawes, Dlse)llaa,r.
HIredrm, (fus, s, )lsDlla.ayr. )
where, by (5.2)
B8,0 = Or1 = (Do, = Orp) = T (s, y-0,00 + F(Vawes,, — Viw+s,.2)lsm)-

Using the inequality (2.12) of Lemma 2.3, (2.20), (4.18) and the fact that ? =
O(|x|?), we obtain

s, = Br1 = (@5, = Oy < 81— Sr 2llayr.,
for some constants 0¢ > 0 and ¢ > 0 that does not depend on ¢. This implies
b
(5.10) 00, =81~ ,~Sn)llwayr. < crell91 = Dallgayr-
From (3.40) and (4.18) we conclude that
IUeRags, , = Ueraos, ,lgayiiron < Crelldrn = Sr2lleay,

and
5
IViwrs,: = Vawrs, llear2n < Crellde 1 — 9 2l
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for some 0; > 0 and 05 > 0 independent of ¢. From this, (2.20) and the fact that

f =1+ f, we derive an estimate as (5.10) for the other terms, and from this the
inequality (5.9) follows, since ¢ is small enough. O

Therefore there exists a unique solution of (5.7) in the ball of radius r§+d_%_61
in C>* (Sf{‘l). We denote by 9,1, this solution given by Lemma 5.2. Since this
solution is obtained through the application of fixed point theorems for contraction
mappings, it is continuous with respect to the parameters ¢, 2, b, A and w.

Recall that R'Z" = 2(1+b)e~! with || < 1/2. Hence, using (5.3) and Corollary 2.1
and 2.2 we show that

2

€ -

TR 72+ (1 = 2)ue r(re0) + 19,1 r(re0))a - x

D ni2

+  O(al*r?) + O(e*=2r.7"),

Uera(re0) = 1+Db+

where the last term, O(SZ% r."), does not depend on 0. Hence, we have

&2 _
AR, a, quz,a,b,A,m)(rs@) =1+b+ 4(1+b) 7'52 "+ U0, 0p10 (r:0) + w r(r:0)
+((n = 2)ue g (r:0) + 1:9ptie r(1r:0))rca - O

2 _
+U5,R,g,¢sé/ﬂ'bﬂ‘/w (r:0) + O(|a|2rf) + O(e?n2 ).
In the exterior manifold M, , in conformal normal coordinate system in the
neighborhood of dM, , namely Q, 1., we have

,%71’
B (A, 0+ apro)(re0) =1+ A" + Ut 8, 10 (Te0) + 7(r69)

H(Ftts9301, )7 0) + (FV 18,11, )re0) + OAI™).
2,0

2+d-%
of functions spanned by the constant function. This yields the equations

Using that w, r € 7" (C (Br.(0)\{0})), we now project the system (5.1) on the set

62 2-n
+ (m - /\) re WO,S(Q, b, A, CL))
82

(5.11)
2-n) (7 - /\) r2n

7

4(1 + b) ré:‘ar(]_[(),f (ll, b/ A/ a))

where Hy . and d,H;,. are continuous maps and satisfy

(5.12)  Hoela,bA0) =00 ) and 1.0, Hoela,b,A ) = O ).

Lemma 5.3. There is a constant &1 > 0 such that if € € (0,¢1), a € R" with |a* < ri_%
and w € C>%(§1) belongs to the space spanned by the coordinate functions and has norm
bounded by r?d_ré], then the system (5.11) has a solution (b, A) € R?, with |b| < 1/2 and
|/\|2 < rd*2+%

<71, :

Proof. Define a continuous map G : Do — R% by

Gena® 1) = (50 Hou(a,b,A,0) + Houla,h, 1, )

2 n—-1
& £

+
4(1+b) n-2

a77“{0,8(‘2/ b/ /\/ Cl))) 7



A CONSTRUCTION OF CONSTANT SCALAR CURVATURE MANIFOLDS WITH DELAUNAY-TYPE ENDS 37
where Dy, := {(b, 1) € R%; b < 1/2 and A < i ¥).
Then, using (5.12) and the fact that 2 > s(d/2 — 1 + 3n/4), we can show that
Gea0(Doe) C Dy, for small enough ¢ > 0. By the Brouwer’s fixed point theorem it
follows that there exists a fixed point of the map G, . Obviously, this fixed point
is a solution of the system (5.11). O

With further work, one can also show that the mapping is a contraction, and
hence that the fixed point is unique and depends continuously on the parameter
&, aand w.

From now on we will work with the fixed point given by Lemma 5.3 and we
will write simply as (b, 7).

Finally, we project the system (5.1) over the space of functions spanned by the
coordinate functions. It will be convenient to decompose w in

(5.13) W = Z wie;, where ;= f w(re)e;.
=1 st
Hence, |wi| < ¢, SUpg-1 |w|. From this and Remark 2.6 we get the system
(5 14) F(ré')ré'al' — Wi = 7-{i,s(a/ (U)
’ Glrareai — (1 —nw; = r.d,Hi(a,w),

i=1,...,n, where

F(rs) = (71 - 2)uf,R(r6 9) + rearus,R(rse)r
G(re) == (n — 2u, r(r:0) + nrfaruf,R(rEQ) + V§33us,za(r59),

(5.15) Hie(a,0) = 02 %) and 1.0, He(a, ) = OF 2.

The maps H; . and d,H; . are continuous.

Lemma 5.4. There is a constant €, > 0 such that if ¢ € (0, €2) then the system (5.14) has a

solution (a,w) € R" x C**(8!~1) with |a* < ri_g and w given by (5.13) of norm bounded
2+d-4-6
byre

Proof. Define a continuous map K;. : D;. — R? by

7(1’,5(‘11‘/ w;) = ((G(rs) +(n - 1)F(7’E))_1r;1 (rs&rq’{i,s(az w) +(n— 1)%,8)/

(G(re) + (= DF(r)) " F(re)(re0, Hio(@, @) + (1 = 1)Hie) = %,e),

where D;. := {(a;, @) € R% 1o < 7 * and il < n7 k27, ki = Nl
F(re) = (n=2)(1+b)+ O(e**"2) and G(r,) + (n—1)F(r) = n(n—2)(1+b)+O(2751-2)
with 2 —s(n —2) > 0.

From (5.15) we obtain that K .(D;.) C D;., for small enough ¢ > 0. Again, by
the Brouwer’s fixed point theorem there exists a fixed point of the map K, and
this fixed point is a solution of the system (5.14). O

Now we are ready to prove the main theorem of this paper.
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Proof of Theorem 5.1. We keep the notation of the last section. Using Theorem

3.8 we find a family of constant scalar curvature metrics in B, (p) C M, for small
enough ¢ > 0, given by

R e
g= A, (R, a, (p) g,
with the parameters R € R*,a € R" and ¢ € 7”/(C>*(§}"!)) satisfying the conditions
I1-15.

From Theorem 4.3 we obtain a family of constant scalar curvature metrics in
M\B; (p), for small enough ¢ > 0, given by

g = Bn (Ar (P)ﬁg/
with the parameters A € R and ¢ € C>#(5]!) satisfying the conditions E1-E4. As
before, the metric g is conformal to the metric go.

From Lemmas 5.2, 5.3 and 5.4 we conclude that there is ¢y > 0 such that for
all € € (0, &p) there are parameters R, a., ¢, A, and @, for which the functions
Ac(Re, ¢, ) and B, (A, @) coincide up to order one in dB, (p). Hence using
elliptic regularity we show that the function ‘W, defined by W, := A.(R., a., O.)
in B, (p)\{p} and W, = B, (A, p,) in M\B,,(p) is a positive smooth function in
M\{p}. Moreover, W, tends to infinity on approach to p.

4

Therefore, the metric g, := W2 g is a complete smooth metric defined in M\ {p}
and by Theorem 3.8 and 4.3 it satisfies i), ii) and iii). O

6. MULTIPLE POINT GLUING

In this final section we discuss the minor changes that need to be made in order
to deal with more than one singular point. Let X = {py, ..., px} so that at each point
we have VIW, (p)) = 0, for [ =0,...,d — 2.

As in the previous case, there are three steps. In Section 3 we do not need to
make any changes, since the analysis is done at each point p;. Here, we find a
family of metrics defined in B,, (p)\ip}, with &; = tie, ¢ > 0, t; € (5, 5 MHand 6 >0
fixed,i=1,...,k

In order to get a family of metrics as in Section 4 we need to make some changes.
Let W; : By,,(0) — M be a normal coordinate system with respect to g; = 7—:%2 goon
M centered at p;. Here, ¥; is such that as in Section 4. Therefore, each metric g;
gives us conformal normal coordinates centered at p;. Recall that 7; = 1+ O(|x[?)
in the coordinate system W;. Denote by G, the Green’s function for Léo with

pole at p; and assume that lirr& [x""2Gy,(x) = 1 in the coordinate system W;. Let
x—!
Gpy,...pr € C2(M\{p1, ..., px}) be such that

k
Gpl,--.,pk = Z AiGpw
i=1

where A; € R.
Letr = (re,, ..., r¢)- Denoteby M, the complement in M of the union of Wi (B;, (0))

and define the space C’V"X(M\{pl, ...,px}) as in Definition 2.5, with the following
norm

k
ol gy = Iellcmaay ) + Z; 1o 0 Willg.ayvn-
i=
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The space C*(M,) is defined similarly.

It is possible to show an analogue of Proposition 4.1 in this context, with w € R
constant on any component of dM,.

Letg = (1, ..., ¢x), with; € C>¥(§/~1) L2—orthogonal to the constant functions.
Let u, € C2*(M,) be such that upoW; = nQyé.l (i), where 1 is a smooth, radial
function equal to 1 in B,,(0), vanishing in R"\B,,(0), and satisfying |,7(x)| < c|x|™
and [927(x)| < c|x|72 for all x € By, (0).

Finally, in the same way that we showed the existence of solutions to the equation
(4.1), we solve the equation

Hgy(1 + Gy, p + gy + 1) = 0.
The result reads as follows:

Theorem 6.1. Let (M", go) be an n—dimensional compact Riemannian manifold of scalar
curvature n(n — 1), nondegenerate about 1. Let {p1,...,px} a set of points in M so that

Vi W, (pi) = 0 for j = 0,...,[”7‘6] and i = 1,...,k, where Wy, is the Weyl tensor of
the metric go. There exists a complete metric § on M\{p1, ..., px} conformal to go, with
constant scalar curvature n(n — 1), obtained by attaching Delaunay-type ends to the points

P1s - Pk
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